Systems of Particles and Rotational Motion

SYSTEMS OF PARTICLES &

ROTATIONAL MOTION

The Concept of a ‘System’, Internal Forces and External Forces

Every body of finite size is made up of a very large number of particles. At is almost impossible to
describe the positions and velocities of all the particles individually. A collection”of ‘any number of particles
interacting with one another is said to form a system. Note that ‘particles interacting withyone another’ means
that the particles are exerting forces on one another. These forces alone enable them to form a well defined
system. Thus any object of finite size can be regarded as a system. All the forcesiexerted by various particles of
the system on one another are called internal forces. Note that internal forces between any twg particles of the
system are mutual i.e., internal forces between a pair of particles are equal and oppesite. Hence such forces
cancel out in pairs.

To move or stop an object of finite size, we have to apply a force on the object from outside. This force
exerted on a given system by the agencies outside the system lis,called-an/eéxternal force. The overall motion of
a body is affected by external forces only.

Centre of Mass

Newton’s laws of motion are applicable to point objects. The, introduetion of the concept of centre of mass
enables us to apply them equally well to the mation, of finite or extended objects. The centre of mass of a body is
a point where the whole mass of the body is supposed. to be concentrated for describing its translator by motion.
The centre of mass of a system of particles is that single point which moves in the same way in which a single
particle having the total mass of the syStem and acted upambythe same external force would move.

If a single force acts on a’bady and the line of action of the force passes through the centre of mass,

the body will have only linear accelerationiand no angular acceleration. ~/ mass -

For example, consider a-hammer resting ond@ plane surface. If a © H P ‘8 """ 8'-
force P is applied on thethammer in such a‘way that its line of action (@ ~
passes through the centre“ofymass of the hammer, then the hammer Centreof 9 '/

is applied alongs@ line not passingithrough its centre of mass, then the
hammer rotates about its centre of mass; as shown in fig. (b). P

Centre of mass vs: centre of gravity : The centre of mass of body is point where whole mass of the body may
be assumed to be cancentrated for describing its translatory motion. On the other hand, the centre of gravity is a
point“at'whieh, the resultant of the gravitational forces on all the particles of the body acts i.e., a point where
whole weight'may'be assumed to act. In a uniform gravitational field such as that of the earth on a small body,
the centre of gravity ceincides with the centre of mass. But in the case of mount Everest, the centre of gravity
lies a little below its centre of mass because the gravitational force decreases with altitude.

Centre of mass of a two particle system
Consider a system of two particles P, and P, of masses m, and m,. Let

moves along a straight line path,@s shown in fig. (a). But when a force R mm--(&

YA F

r andr, be their position vectors at any instant t with respect to the
origin O, as shown in fig.
The velocity and acceleration vectors of the two particles are

(o]
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N - —> 2>
v1=ﬂ and & _dv o _dn 1

dt dt  dt (1)

— — 2>
\Z_% and _2>=dv2:d2r2

dt dt dt

- - —
Total force F, acting on particle P, is the sum of the internal force F,, due to P, and external force F™ on.

— - -

Thus F=F,+ F™
ma = F, + R ..(2)
Similarly , for my, m,a, = Fy + F, ™ ..(3)

On adding equations (2) and (3), we get

ma +ma, = F,+ Fpy+ B+ B ...(4)
According to Newton’s third law, the internal forces mutually exerted by the two particles are equal and
- -
opposite, i.e., F,=-Fx ...(5)
The total external force acting on the system,
F = Fl et F2 ext (6)
Using (5) and (6) in (4)
m a1 +m,az/=F .(7)

Suppose the total mass of the two-particle system is M, Then M =m, +m,.

h
Let us assume that the total externaliforce “F »acting.on the system of mass M produces acceleration szM . Then
according to Newton’s se€ond law,

M a.,, =F
Magy, =ma, +m,a, =My My [Using (1 and 7)]
dz - —
:F(mlrl"‘mzrz)
g 1 dz - —
or %MZVF(W"l‘*‘mz"z)
2_) 2 g -
or d“ Ry :d_mlrl+m2r2 [.'.M:mlerz]

dt? dt> m, +m,

5
The acceleration aTCM is called the acceleration vector of the centre of mass of the system and R;,, is called the
position vector of the centre of mass
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— —>

> mn+m,,

RCM =
m+m,

..(6)

This equation defines the position of the centre of mass of a system of two particles of masses m, and m, and

having position vectors , and T, .

Note :
(1)

(ii)

(i)

(iv)

(v)

The above equation shows that the position vector of a system of particles is the weighted average of
the position vectors of the particles making the system, each particle making a contribution
proportional to its mass.

N
We can write the above equation as (m,+m,) Rem =m, T, +m, 1, . Thus the product of the total mass

of the system and the position vector of its centre of mass is equal to the sum“ef the products of
individual masses and their respective position vectors.

> L+, :
If m =m,=m(say), then R, = % . Thus the centre of mass of two'equal masses lies exactly at

the centre of the line joining the two masses.
If (x,y;)and(x,,y,) arethe coordinates of the locations of thetwo particles, the coordinates of their
centre of mass are given by

Xoy = mX + MyX, and You = my, + MY,
m, +my m, +m,
If the centre of mass of two particles of the system were at the origin i.e., ¥ =0, then from (8),

= —> —> =
mr+m,r,=0 or myr,-mr,.

[ = p
m,

Show that if F, is‘negative’, r, is positive. It means, if m; lies on the left of the origin (c.m.), then m,
lies on the right of the origin (c.m.). Hence centre of mass of a system of two particles always on the

straight line joining these particles. Further, if m; > m,, then ﬁ < r_; , i.e., centre of mass of two particle

system lies closer to the heavier particle. In general, the centre of mass divides internally, the line
joining the two particles in the inverse ratio of masses.

Centre of Mass of n—particle system

Consider

m, m,, m,,...,m and position vectors T .6, 0 ,....,[
relative to the origin O, as shown in fig.
The total mass of the system is

a system of n particles having mass

n

m+m,+m +...+m, =M (say)

z
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N
The position vector R, of the centre of mass C can be

obtained by adding the products m, ¥, , m,r,,....m 1. and
dividing it by the total mass of the system.
n n
. N R R . Z m 1 m 1
Thus Rey = uf Mol +o My Iy or Rey = — == (1)
’ oM my+ My + .ok M M - M

i
i=1

—

Clearly, R, is the weighted average of the position vectors of all the particles of ‘the System, the contribution
of each particle being proportional to its mass.

Cartesian coordinates of the centre of mass : If xy,, Yo and z., are the Cartesian coordinates of the
centre of mass of the n—particle system, then

Xepy = MmX, + MyX, +....+4M, X, me
M= =

m +m,+..+m, M
y Cmy, My, +eAmyy, _Zmy
CM — N

my+ M, ...+ M, M -(2)

LMz Mz, e F M2, Z nz
M m + m,+.. 44 m, M

> 9 >

g
Equations of motion for the centre®f mass : Let F, F,,'F;,....F, be the external forces acting on the particles

—

of masses m;, m,, m,,.....,m, respectivelyal et F , be the vector sum of all these external forces acting on the

system. If e?CM is the acceleration of the centrexofsmass of the system, then the motion of the centre of mass is
governed by the equation

5
- > > - 2
Ma,, = F, #F, +F, +...+ F, or May, =F, Where a5, = d dTZCM ...(3)

The equation (3) 'shows that the centre of mass of the system moves as if the entire mass of the system is
concentrated at this\point and this total external force acts on this point. The internal forces between various
partieles caneel out in pairs in accordance with Newton’s third law of motion. The definition of centre of mass
given by equation (&).holds even though there may not be any actual matter present at the centre of mass.

Note : Inc case of a body with a continuous mass distribution, we can replace the summations in equations (2)
by the following integrals :

me—>dem, Zmyejydm, ZMZ—)Ide

Then the coordinate of the centre of mass of a body of mass M will be

1 1 1
XCMZVJdeI yCMZEJ-ydmy ZCM:VJ‘de

The equivalent vector representation for the centre of mass will be
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RZ _ L j r dm
MM
It we choose, the centre of mass as the origin of our coordinate system, then

-

Rey = (X, ¥,2)=0 or I?dmzo or demzjydm:jzdmzo

N
Velocity of CM is constant in the absence of external force : Suppose an external force F,, acts on a system

of mass M and produces an acceleration a,, in its centre of mass

N

Fot =Magy,

5
In the absence of any external force, F,, =0,s0Ma,, =0

or agy =0 or AVou \(;(t:M =0

I _ N
As the derivative of a constant is zero, so v, = constant.

where v;,, is the velocity of the centre of mass. Hence i the'absence’of anyhexternal force, the centre of mass

of system moves with a uniform velocity. This is Newton’s, first law of motion. The position vector of the centre
of mass instant t is given by

RZM )= RZM 0) + \7CM t

Momentum conservation and centre of mass motion

N

e
Consider a system of n particles of masses m;, m,, my,....,m, . Suppose the forces F, F,, F,,....,F, exerted on

them produced accelerations/@, , &,,'a,, .....,an respectively. In the absence of any external force,
—
Ftot =0
- - - —
or b K+ FE+...+F =0
= —> - —>
or ma +m,a, + ma; +....+m a, =0
dv, dv, dv, dv,
or m—2+m,—2+m; —2 +.... m,—*=0
dt dt d
d —> — — —
or a(mlvl +M,v, + Mgv; +.....+m v, ) =0
— —> —> —>
or mV, + MV, +MVy +....+m,V, = constant
- - - — —
or P=F+P +PF +....+P, =constant

where P is the total linear momentum of the system.
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Hence if no net external force acts on a system, the total linear momentum of the system is conserved. This is
the law of conservation of linear momentum.

Now the position vector of the centre of mass of n—particle system is given by

- ML + M, + M0, +.....+m, T, - 1
...... —> —> —>
Rem = 1 22 83 n_n or Ry =— (MK +m,r, +myr, +
m+m, + My +....+m, m

Differentiating both sides w.r.t. time t, we get

dRCM _i mld_Fl)+m d—F2)+md—F3)+ ...... +m dﬁ
it M dt  Zdt ot "odt
1 — — — Vil 1.5
ZV(mlv1 +Mm,V, +MyVy +..... +m, Vv, M
— 12 2 e
or VCM :VP or P:MVCM

This equation shows that the total linear momentum of a system of particles,is equal to the product of the total
mass of the system and the velocity of its centre of mass,

Examples of binary systems in nature :

(i)

(i)

(iii)

Binary stars : Two stars bound to each other by theygravitational
force and orbiting around their commeon centre of mass,are called
binary stars. Figure (a) shows binary stars. S, and S, of equal mass

moving in circular orbits around their commen centre of mass,
which is at rest. When nodexternal force acts‘on'the system, the
centre of mass of the deuble star moves like a free particle. The
orbits of the two stars are slightly:.complicated as shown in fig. (b).

Diatomic molecule > A symmetrichdiatomic molecule like O, is
also an examplé \of binary system. The internal binding force
between the two oxygen atoms is dugto the chemical bond which
can be regarded as a spring. When there is no external force (i.e., no
collisions between the malecules themselves or with the walls of the
vessel), the centre of mass of the line. As shown in figure.

Earth-moon system : The moon moves around the earth in a
circular orbit and the earth moves around the sun in an elliptical
orbit:, It will.be more correct to say that the centre of mass of the
earth-moonySystem moves around the sun in an elliptical orbit, not
the earth and'moon themselves. As shown in figure.

Motion of the CM of fire crackers exploding in air : Initially, a
fire cracker moves along a parabolic path. It explodes in flight. Each
fragment will follow its own parabolic path. Since the explosion is
caused by internal forces only, the centre of mass of all the
fragments will continue to move along the same parabolic path of
the cracker as before explosion.
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Systems of Particles and Rotational Motion

Subjective Assignment -1

1.

10.
11.

12.

13.

14.

15.

Find the centre of mass of a triangular lamina.

Three masses 3, 4 and 5kg are located at the corners of an equilateral triangle of side 1'm Locate the
centre of mass of the system.

Two particles of masses 100g and 300g at a given time have positibns 2 +5] +13k and
—6i +4] -2k m respectively and velocities 10i —7] —3k and 7i —9] +6k ms™ respectively.
Determine the instantaneous position and velocity of CM.

If three point masses m,, m, and m, are situated at the vertices of-an‘equilateral triangle of side a, then

what will be the coordinates of the centre of mass of this system?
Find the position of the centre of mass of the T shaped plate from O in Fig.

¥ m 1 v A
(,) f——2m
F(0,2 E(1,2
O'él v ©2) .2
'
4
40 c
— 3m — 6-1 3m — g
(CM! D(1,1) B(21)
el § A ‘ T
6 '
Oz: 6m «C | G [1m
1 1
: « - l ..
i 4 0(0, 0) A(2,0)
-2 m—| \/

Find the centre of mass of adniform L—shaped lamina (a thin flat plate) with dimensions as shown in
fig. The mass of lamina is3 kg.

A circular plate of uniform thickness has a diameter of 56cm. A circular portion of diameter 42 cm is

removed from one edge ofithe plate.aFind CM of the remaining portion. A 8
A square of side@ cm and'uniform thickmess is divided into F’f‘

four equal square as'shown in figure. If one of the squares e

is cut off, find the position of the centre of mass of the 3 Io
remaining portion from'Q. D m e

Show that centre of mass of @ uniform rod of mass M and length L lies at middle point of the rod.
Determineg the position of the centre of mass of a hemisphere of radius R.

Determine the coordinates of the centre of mass of a right circular solid cone of base radius R and
height h.

Two bodies of mass 1 kg and 2kg are located at (1, 2) and (— 1, 3) respectively. Calculate the co-
ordinates of the centre of mass.

The distance between the centres of carbon and oxygen atoms in the carbon monoxide gas molecule is
1.13 A. Locate the centre of mass of the gas molecule relative to the carbon atom.

Three blocks of uniform thickness and masses m, mand 2m are placed at three corners of a triangle
having co-ordinates (2.5, 1.5), (3.5, 1.5) & (3, 3) respectively. Find centre of mass of system.

Find the centre of mass of three particles at the vertices of an equilateral triangle. The masses of the
particles are 100g, 150g and 200g respectively. Each side of the equilateral triangle is 0.5 m long.
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16. Three particles each of mass m are placed at three corners of an equilateral triangle of length I. Find the
position of centre of mass in terms of coordinates.

17. Locate the centre of mass of a system of three particles 1.0 kg, 2.0 kg and 3.0 kg placed at the corners
of an equilateral triangle of side 1m.

18. Two bodies of masses 10 kg and 2 kg are moving with velocities
2i—7] + 3k and —10i + 35 ] —3k ms™* respectively. Find the velocity of the centre of mass of the
system. Y

15kg

19. Three particles of masses 0.50 kg, 1.0 kg and 1.5 kg are placed at the 3= "
corners of a right angle triangle, as shown in fig. Locate the centre of mass
of the system. 05kg  40am  10kg

20. Four particles of masses m, m, 2m and 2m are placed at the four corners ool Cosm
of a square of side a. Find the centre of mass of the system.

21. Four particles of masses m, 2m, 3m and 4m respectively are placed as the
corners of a square of side a, as shown in fig. Locate thescentre of mass.

22. From a square sheet of uniform density, a portionmis
removed shown shaded in Fig. Find the centre“af mass of
the remaining portion if the side of the square is a.

23. The centre of mass of three particles of masses 1 kg, 2kg and 3kg lies at the point (3m, 3m, 3m). Where
should a fourth particle of mass 4kg.oe positioned so thatithe centre of mass of the four particle system
lies at the point (1m, 1m, 1m)?

Answers
1. Centroid G of the triangle: 2. (0.54,0.36) m
3 EQCM _ =161 +17 j +.7k ), 31 —34)+15k ms !
4 4
4. Xy = TRt M @R, P _ mp3 a 5. y=27lm
m, +m,+m, 2(m +m, + my)
5 5 J2 L

6. =—=m; =—m 7 9cm 8. 00,= —ocm 9. —
Xem 6 Yem 6 2= 3 5

10. §R, 0,0 11. 0, D 0 12. —1, 8 13. 0.6457 A

8 4 33
5 1 I
14, 3,2.25 15. —m, —m 16. - —=
( ) 18 "33 (2 23 j
7 \E - .. ~ 1
17. Em, Tm with 1.0 kg mass at the origin. 18. 2k ms™ 19. (1.33cm, 1.5cm)
20. i, ga with first mass m at the origin. 21. E, B 22. la, a
2 3 2 10 18 2
23. (~2m, —2m, — 2m)

Rigid body
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A body is said to be rigid if it does not undergo any change in its size and shape, however large the external
force may be acting on it. More appropriately, a rigid body is one whose constituent particles retain their relative
positions even when they move under the action of an external force. A rigid body cannot be deformed. If the
body under-goes some displacement, every particle in it surfers the same displacement. If the body rotates
through a certain angle, every particle of it rotates through the certain angle about the axis of rotation. Nobody
can be perfectly rigid. In practice, solid bodies of steel, glass etc; can be regarded as rigid for moderate forces.

Centre of mass of a rigid body :

S. Shape of body Position of centre of mass

1. Long thin rod Middle point of the rod.

2. Thin circular ring Geometrical centre of the ring.

3. Circular disc Geometrical centre of the disc.

4. Rectangular lamina Point of intersection of diagonals.
5. Rectangular cubical block | Point of intersection of diagonals.

6. Cylinder Middle point of the axis.

7. Solid or hollow sphere Geometrical centre'ef the sphere.

8. Triangular lamina Point of intersection of the medians.
9.

Right circular cone . . : .
9 A point on its axis at a distance of % from

its base, h =theight of.the.cone.

Rotational motion of a Rigid body

A body is said to possess rotrational motion if all its particles moyve along circles in parallel planes. The centres
of these circles lie on a fixed line perpendicular to the parallelfplanes and is called the axis of rotation. Fig
shows a rigid body being rotated anti€lockwise about Z—axis'of an inertial frame of reference.

AZ

Let P be any particle of the bodyand ' be its\position vector.
As the body rotates , the particle P,moves along.a circle of radius r

/’ A'..P' [ & ¥
whose centre lies on the axigyof rotation. The radius vector r sweeps R e \
out an angle 6 in certain time't. Similarly, all other particles of body 0 gﬂ" oy
move along circles with their centresyon Z—axis and their radius % z
vectors sweep the same angle 6 in time t. This implies that all the . Rigidbody

particles have thetsame angular velocity w(=6/t) which is also the
angular'velocity of the body.

Angular velocity,. Angular velocity of a particle as the time rate of
change of its angular displacement. 7Y

angular displacement _ AQ

ie., Angular velocity = .
time taken At

At At tends to zero, the ratio i—? approaches a limit which is the

instantaneous angular velocity (%) of the particle at P. We represent

the instantaneous angular velocity by the Greek letter » (omega).
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de
®=—
dt

Angular velocity is measured in radian/sec and its dimensional formula is [M° L°T].

Angular velocity is a vector quantity whose direction is given by right handed screw rule.

For rotation about a fixed axis, the angular velocity vector lies along the @ 3 it
axis of rotation and points out in the direction in which the tip of right T o
handed screw would advance if the head of the screw is rotated with the
- | P
body. For anticlockwise rotation, the direction of angular velocity & is ‘- .
along the axis of rotation and directed upwards. As shown in figure (a). Anti clock wise rotation,
0 3upwards
For clockwise rotation the direction of angular velocity © is along the
axis of rotation and directed downwards. As shown in figure (b). 2
Linear velocity |V =&xT

For particles on the axis, r = 0 and hence v=w r=0. Thus, particles on'the
axis are stationary. Thus verifies that the axis is fixed. Further(, as the body

i

=

A

"l
A0

Clock wise rotation,
@ downwards

is rigid, all the particles of the body complete one revolution-about the
given axis together, in the same time.

Therefore, time period (T) of all the particles is the same. Therefore, o = %I_—n for all the particle is the same.

Thus just as in pure translation, all particles of the body have the same linear velocity at any instant of time,
similarly, in pure rotation, all particles of the body have the samefangular velocity at any instant of time.

Angular Acceleration
Angular acceleration of an object inicircular motion is defined as the time rate of change of its angular velocity.
It is represented by Greekletter o.(alpha).
change/in angular velocity
time taken '

i.e., angular acceleration =

SI unit of o is raths.” and its dimensional formula is [M°L°T ~2]. Angular acceleration is a vector quantity.

N
r

- . - -
Linear acceleration a =o X

Equations of rotational motion

Derivation of first equation of motion : Consider a rigid body rotating about a fixed axis with constant angular
acceleration o.. By definition,

o =39 or do = o dt ()
dt
Att=0, let 0=, Att=t, let O=0
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Integrating equation (1) within the above limits of time and angular velocity, we get
® t t

I do j adtzaJ- dt or [@]ZO :a[t];

o 0

or w—w, = a(t—0) or (2)

Derivation of second equation of motion : Let  be the angular velocity of a rigid body at any instant t. By

definition, ®= % or do = odt .(3)
Att=0, let 6=0
Att=t, let 06=0

Integrating equation (3) within the above limits of time and angular displacement, we get
t

I d6 = i odt = j (o, +aut) dit [Using (2)]

0

=mojdt+ajtdt
0 0

[6]2:m0[t];+a[§} or 9—0=m0(t—0)+%(t2—0)

0

or 9=m0t+%oct2 (4)

Derivation of third equation of motigh : The angular acceleration o may be expressed as
do Adodd do

A=—=—=——=—.0
dt__ do dth, do

Att=0,0=0and o= o, (initialangular velogity) AAtt =1, 0 =0 and o = o (final angular velocity).

or odo=oadb ...(B)

Integrating equation (5)'within the above limits of 6 and ®, we get

o) 0 0 r oo e
Icodmzjad@zajd@ or % :oc[G]g
[0 0 0 L g
o o

or 7—7°=oc(6—0) or o’ — oy =200

The angular displacement of body in nth second :

0" = w, + %(Zn—l)

Subjective Assignment -1l

1. On the application of a constant torque, a wheel is turned from rest through 400 radians in 10s.
(i) find angular acceleration.
(ii) If same torque continues to act , what will be angular velocity of the wheel after 20s from start?
2. The angular speed of a motor wheel is increased from 1200 rpm to 3120 rpm in 16 seconds.
(i) What is its angular acceleration, assuming the acceleration to be uniform?
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(ii) How many revolutions does the wheel make during this time?
3. A constant torque is acting on a wheel. If starting from rest, the wheel makes n rotations in t second,

L 41tn
show that the angular acceleration is given by o = tLZ rad s2.

4. The radius of a wheel of a car is 0.4m. The car is accelerated from rest by an angular acceleration of
1.5 rad s~ % for 20s. How much distance the wheel covers in this time interval and what will be its linear
velocity?

5. A grindstone has a constant acceleration of 4 rad s Starting from rest, calculate the angular speed of
the grindstone 2.5 s later.

6. The speed of a motor increases from 600 rpm to 1200 rpm in 20s. What is its'angular acceleration and
how many revolutions does it make during this time?

7. On the application of a constant torque, a wheel is turned from rest through an angleyof 200 rad in 8s.

(i) What is its angular acceleration? (i) If the same torque continues to act, what will be the angular
velocity of the wheel after 16s from the start?

8. The motor of an engine is rotating about its axis with an angular velocity of 200 rpm. It'comes to rest in
15s after being switched off. Assuming constant angular deceleration, “caleulate the number of
revolutions made by it before coming to rest.

9. A car is moving at a speed of 72 kmh™. The diameter of its wheels.is 0.50m. If the wheels are stopped in
20 rotations by applying brakes, calculate the angular retardation produced by the brakes.

1. ()8rads?®  (ii)160rads™ 2. (i) 47 rads™ (i) 576

4, s=120m ; ®=30rads' ; v=12ms'

5. 10rads™ 6. nrad s, 300 7. (i)6.25rad s (ii)100rads™
8. 12.5 9: - 255 rad s°

Moment of force or torque

The turning effect of force is called moment of/force or torque. It depends on two factors.
(i) The magnitude of the force

(i) The perpendicular distance of the lipe of action of the force from the axis of rotation. It is called lever arm or
moment arm.

Thus, greater the magnitude of the force, or greater the perpendicular distance between the line of action of the
forceand the axis of rotation, the greater is the moment of force, or greater is the turning effect.

The torqueser moment of force is the turning effect of the force
about the axis of rotation. It is measured as the product of the magnitude of
the force and the perpendicular distance between the line of action of the
force and the axis of rotation. Fig. shows a body free to rotate about a
vertical axis through O. A horizontal force F applied on it at point P |
rotates it about this axis. If d is the perpendicular distance of the line of ¥
action of the force from the axis of rotation, then the torque or moment of
force F about the axis of rotation is T = F x ON

Axis of
rotation

Point of application
of force

or t=Fxd or Torque = Force x Lever arm

Dimensions of torque : As
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Torque = Force x distance, S0 []= [ MLT’Z] [L] :[ MLZT’Z}

Units of torque : The Sl unit of torque is netwon metre (Nm) and its CGS unit is dyne cm.

Sign convention : The moment of force is taken positive if the turning tendency of the force is anticlockwise
and negative if it is clockwise.

Expression for torque in Cartesian co-ordinates from rotation of a particle in a

plane : Physical meaning of torque.
Consider a particle of mass m rotating in plane XY about a fixed axis OZ (hot shown). Let P be the position of

- -
the particle at any instant, where OP =¥ and ZXOP = 0. Let the rotation occur undep the action of a force F

applied at P, along I;A, as shown in the figure.

In a small time dt, let the particle at P reach Q , where OQ = (¥ + d r) andZ POQ = d6.

Y . A
. - R = — — - ® T - --.Q :
In vector triangle OPQ, PQ =0Q - OP =(r +dr) —r T
—_— N im \\‘\E
PQ =d¥ R s
Small amount of work done in rotating the particle.from P to Q is a7 \
- 0 ‘|
dw=F.dr o x

N
If F,, F, are rectangular components of force F and dx, dy are rectangular components of displacement d r,

S5 A Y
F=(@Fp+ |F
then ( JF) (1)
A= (i dx+ ] dy) I-'*""""f i)
)
From (1), we get dw = (I F, +JF,). (idx+ jdy) y ':
AW F dx + F, dy ) l e i
Let the co-ordinates of the point P be (X, y). 0% - - X
It is clear frem fig. X=rcos0 ...(3)
y=rsin0 ...(4)
Differentiating (2) w.r.t. 0, we get
dx d d .
— =—(rcosB) =r—(cosB)=r(-sin6
10 de ( ) r 6( )=r( )
dx=-y do
Again, differentiating (3), w.r.t. 6, we get
ﬂ = i (rsin®) =rcos6= x
doe de
dy=xdo
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Systems of Particles and Rotational Motion
Substituting in (2), we get dW = F,(-ydo) +F (xd6) = xF,do -y F, d6
dW = (xF, —yF,) d6

or dW = 1(d0) where | T = (xF, —yF) |. ...(5)

T is called torque. Equation (5) is the expression for torque in Cartesian co—ordinates.

Torque 7 is a quantity in rotational motion, which when multiplied by a small angular displacement gives us
work done in rotational motion. This quantity corresponds to force in linear motion, which when multiplied by a
small linear displacement gives us work done in linear motion. This is the physical meaning of torque.

Expression for Torque in polar co-ordinates

N
Suppose the line of action of force F makes an angle o with X-axis, as shown in figure. Two rectangular
components of F are :

F,=Fcosa (1)
F, =Fsina w(2)

If X, y are the co—ordinates of the point P, where OP = r anddZ XOP= 0

then X=rCcos0O ..(3) .
and rsin® ..(4) !
Substituting these values in expression for Cartesian coordinates of torque, g
T=xF, —yF > 7S Pl
t=(rcos0) Fsino —(rsin@)(F cosa.) 0= 2 /&“ X
= rF[sino g0s6—cosasin 6] \‘\Eg;/_k?fg:ow
t=rFsin(a=6) ....(5)

—

Let ¢ be the angle which thesfine of action of . makeés with the position vector OP =7 .

As is clear from figure.”0+¢p=o /or ¢=a—06

Putting in (5), we get ...(6)

Equation (6) isthe expression for torque’in polar co-ordinates.

This equation shows that ability of F to rotate the body depends not only on the magnitude of F , but also on
just hew far. from O, the force is applied and in what direction.

N
In figure, draw ON__E on line of action of F .

In AOPN,, sin<|>=O—N=O—N , ON =rsin¢
OoP r
t=rFsing = F(rsing) = F(ON) w(7)

Hence, torque due to a force is the product of force and perpendicular distance of line of action of force from the
axis of rotation.

From equation (7), we find that

(1) Torque due to a force is maximum, when r is maximum. For example, we can open or
close a door easily by applying force near the edge of the door (at maximum distance t;&
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from the hinges). That is why a handle/knob is provided near the free edge of the
plank of the door. Similarly, to unscrew a nut fitted tightly to a bolt, we need a
wrench with a long arm, as shown in figure.

When the length of arm (r) is long, the force (F) required to produced a given
turning effect (t=rFsin¢) is smaller.

(i) Torque will be maximum when sin¢ = max. =+1. Therefore, ¢ =90°,

i.e., when force is applied in a direction perpendicular to r . for example,

it is easiest to open or close a door by applying force at the edge of the
plank in a direction perpendicular to the plank of the door, as shown in fig

(iii) When ¢ =0°o0r180°,sinp=sin0°> or sin180°=0. Therefore,

t=r Fsing=0. i.e, torque of the force is zero. For example, theddoor g
cannot be rotated by applying force in a direction parallel to the plank of "
the door. as shown in the figure. gk
S
(iv) Equation (7) can be rewritten in vector fromas [T = ¥ x F ....(8)

Obviously, torque is a vector quantity whose direction is'given by right handed screw rule or right hand thumb
rule.

el -
Note : Fig . shows relative orientation of ¥ and(F . Force F acting actually at P

5
has been shifted to origin O, in a direction parallel*toutself. When F rotates the
particle in XY plane in anticlockwise direction, the tip-ofiythe right handed screw
moves along the positive Z directiongwhich is the direction‘of the torque .

- -
In fig. we have shown two rectangular.cemponents of F :F, = Fcos¢, in the

N
direction of increasing r. If is called “radial compefient of F , and F, = Fsin¢ in
the direction of increasing @ and_perpendicular to F,, this is called transverse

ny

N
component of F. Fox i

- . \\ b )’l r
From (6), t=rFsing =r(Fsin¢) = rF, VA
i.e., torgue of a force is given by the product of transverse component of force and y
perpendicular.distance from the axis of rotation. Thus torque is due to transverse o o X

component only. The radial component of force has no role to play in the torque.
Rectangular components of torque

For three dimensional motion, the position vector ?, and torque vector r’ can be written in terms of their
rectangular components as follows :

r=xi+yj+zk
F=Fi+F j+Fk and T=td+1,]+1,K
Now, T=rxF =(+yj+zk)x (Fi+F, | +F,k)
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Il

N >

X
Fx

T

z

;
y
Fy

~

or T +T, J+ rZR:f(yFZ—sz)+ j (zFX—xFZ)+I2(xFy—yFX)

Comparing the coefficients of i, jand k on the two sides of the above equation, we get the rectangular

N
components of torque t as follows :
=Xk -zF, ;. 1, =zZF Xk, | 1, =xF YK

Rotational equilibrium and the principle of moments : Principle of moments :

When a body is in rotational equilibrium, the sum of the clockwise —d, dy—
moments about any point is equal to the sum of the anticlockwise T T T
moments about that point or the algebraic sum of moments about any = — y N

point is zero. As shown in fig. consider a uniform rod free to rotate‘on,a \ t‘ o) ,j /
pivot O. Two weights W, andW, are hung from it at istances

d, and d, from the pivot O.

Fi=mg=W, F=mg=W,

Anticlockwise momentabout O=F xd, =W, xd,
Clockwise moment about O=F,xd,=Wsxd,.
According to the principle of moments, the rodwill,be horizontal or in rotational equilibrium if
Anticlock wise moment = Clockwise moment
or Fxd¢=F, xd, or W, xd, =W, xd,
ie., Load x load arm =/Effort x effort arm
This is sometimes called the lever principle:

Couple : A pair of equal and opposite forcessacting on a body along two different lines of action constitute a
couple. A couple has a turning effect, but no ‘resultant force acts on a body. So it cannot produce translational
motion.

Moment of a couple : The moment of couple can be found by taking the moments of the two forces about any
point and then adding them. In fig. ntwo opposite forces, each of magnitude F act at two points A and B of a
rigid body, which can rotate about point O. The turning tendency of the two forces is anticlockwise.

Moment_er torque of the couple about O is

\F

t=F xAO + F xOB =F(AO+0OB) =F x AB Pl
or t=Fd [ AB=d, say| g
Moment of a couple = Force x perpendicular distance between two forces . -

Hence the moment of a couple is equal to the product of either of the forces and the perpendicular distance,
called the arm of the couple, between their lines of action. Note that the torque exerted by couple about O does
not depend on the position of O. Hence torque or moment of a couple is independent of the choice of the fulcrum
or the point of rotation. Notably, a couple can only be balanced by an equal and opposite couple.

Work done by a torque

As shown in figure, suppose a body undergoes an angular displacement A6 under the action of a tangential
force F.

The work done in the rotational motion of the body or the work done by the torque is

13302
lo: 16
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AW = F x distance along the are PQ

BUt AD = Ar_c _ Arc PQ
Radius r
Arc PQ =rA0
Hence AW =FrA0 or AW = tAO

i.e., Work done by a torque = Torque x angular displacement
In case the torque applied is not constant, but variable, the total work done by the torque is given by
0,
W = j 1do

6

Power delivered by a torque : We know that AW = tAO

Dividing both sides by At , we get AW _ TA_G or P=10
At At
ie., Power = Torque x Angular velocity.

Angular momentum

In linear motion, the linear momentum of a body gives as-measuregof'its translatory motion. Analogous to it in
rotational motion, the angular momentum gives a measure of the turning motion of the body. The angular
momentum of a particle rotating about an axis is defined asithe moment of the linear momentum of the particle
about that axis. It is measured as the product of Jinear momentum andythe perpendicular distance of its line of
action from the axis of rotation.

Angular momentum = Linear momentum x its perpendicular distance from the axis of rotation
L = pd
Dimensions of angular momentum
= LxMLT ™ ={ML°T™ |

SI unit of angular momentum is kg'm? s .
CGS unit of angular momentum is g cm’s ™.

The concept of angular momentum expression for angular momentum in Cartesian
co-ordinates

If we can represent torque as the rate of change of some quantity, that quantity will be rotational analogue of
linear mementum, and it can appropriately be called the angular momentum.

In order tovexpress tarque as the rate of change of some quantity, we rewrite expression for torque rotating a
particle in XY-plane;

T=xF, —yF, ...(1)

If p,=mv, and p, =mv, are the x and y components of linear momentum of the body, then According to
Newton’s 2™ law of motion,

d d
F, =% =i(mvx) = dex and Fy =& =i (mvy) = ml
dt dt dt dt  dt dt
o dv dv dv dv
Substitut 1), tt=xm—L-ym—* or t=m| x—L-y—* (2
ubstituting in (1), we get © = x o y v T {th ydt} (2)

Using rule for differentiation of product, we may write,
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i(xv —yv)—x%+v %—ydvX -V dy
d- v 7 d  Ydt " dtCdt

dv, dv, [ dx _dy }
=X—2L +VV, —y—X vV o=V, = =V,

gt Y T dt <Y Tdt X dt
d dv, dv
—(XV, — =X—-y—X ...(3
Olt( y YW it e 3)

Substituting (3) in (2), we obtain t = m%(xvy -y,)

r—i(xmv —ymv,)
dt Y g

d
As mv, =p, and mv, =p, ..t :E(XF’y -YyR)
But T= a
dt
(xpy —yp,) =L ~(4)

Thus, we have obtained torque t as the rate of change of a quantity L defined by equation (4). We call this
guantity L as the angular momentum of the body.

An expression for angular momentum in Cartesian co—ordinates. «IThus basically, angular momentum of a
particle/body about a given axis is the moment of linear momentum of the particle/body about this axis.

Expression for angular momentum in Polar co-ordinates

Suppose K(x, y) is position of a pafticle of mass mand linear momentum p rotating in XY plane about Z-axis.

fig. Let OK = 7 and ./ XOK =@

Xx=rcos® and y=rsin0

Let the line of action of linear momentum B make an angle o with OX and angle ¢ with ¥ .
P, = pcosa and ‘Py=psina
Substituting these values in expression for Cartesian co-ordinates of angular momentum,
L = Xp, —yp, Y

L'=(reos0O) (psina)—(rsin6) (pcosa) N
= pr[sina.cos6—cosasin 0] g ¢ -
L = prsin(a.—0) 7 e
Fromfig., 0+d=a .. ¢=0a—0. N A2 X

(D) e

This is the expression for angular momentum of a particle in polar co-ordinates.

In the figure, draw ON perpendicular to the line of action of P.
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In AOKN,sin¢=O—N=O—N
OK r

ON =rsin¢

Substituting in (1), we get L=p(ON) |. .(2)

Hence, angular momentum of a body abut a given axis is the product of linear momentum and perpendicular
distance of line of action of linear momentum vector from the axis of rotation. This is the physical meaning of
angular momentum.

In S, the units of angular momentum are (kgms™)(m) =kg m”s™. This dimensional formula for angular
momentum would be [M ! LZTfl].

- -
In equation (1), can be rewritten in vector fromas |L =7 x p| ....(3) z
This indicates that momentum is a vector quantity and its direction is given by. T=7x7
right handed screw rule or right hand thumb rule. When the centre of mass T
rotates through smaller angle ¢ in XY plane, say from the direction‘of ' to the y, s v
it
o - > i . N
direction of p, the angular momentum vector L is along OZ,i.e., thespositive K
Z—direction, as illustrated in figure. <

Note : 1. Proceeding as in the case of torque, wefcan show thatyradial component of linear momentum does not
contribute to angular momentum of the particlea It is only the)transverse component of linear momentum
(perpendicular to position vector r ), which when multiplied by distance from the axis of rotation gives us
angular momentum.

2. Again, proceeding as in case of/torque, we may write three rectangular components of angular momentum as

Le=yps~2p,
L, =zp, — xp,
L, = Xpy — YPy
Relation between torque and angular momentum
We know that , torque , T=rxF
Angular momentum, L=r xP
Differentiating both sides w.r.t. time t, we get
L > - P o dr
d_L:i( Xp) :er_P+PX_
dt dt t dt
P xF+Pxv Eng
=1+0 '.'7x6:7xm7=0}
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L

dt

Thus the torque acting on a particle is equal to its rate of change of angular momentum. This equation is the
rotational analogue of Newton’s second law of linear motion.

Geometrical meaning of angular momentum

Consider a particle of mass m rotating in the XY plane about the origin O. Let ¥ and (F + AF) be the position

N
T =

vectors of the particle at instants t and (t + At) respectively, as shown in figure. The displacement of the particle
in small time At is

N

N
PQ=(r + A7) -T =AT S A
At

If V is the velocity of the particle at point P, then the small displacement AL "
Ar ,f\\

covered in time At may be expressed as

AT =V At

Complete the parallelogram OPQR. Then OR = PQ =AT .

Area of the parallelogram OPQR = ¥ x AT

. Area of AOPQ = %(? x AT).
The shaded area of AOPQ represents the area swept by the position vector in time At. By right hand rule, its

direction is along Z—axis. If this area is represented by A'A; then
AA=%(F’><AF))=%(?>< v At)

If p is the linear momentum of the particle, then

R
p=mv or v=2P
m
N -
- —
AA=ZPxPAt  or AA_L e
2 m At 2m

0
But T x B = L, the angular momentum of the particle about Z—axis, so we have

- - -
-

AA_L 1 x Angular momentum per unit mass  or L =2m AA

At 2m 2 t

N
The quantity A A/ At isthe area swept out by the position vector per unit time and is called the areal velocity of
the particle. Thus, Angular momentum = 2 x Mass x areal velocity.

This is the geometrical meaning of angular momentum. So geometrically, the angular momentum of a particle is
equal to twice the product of its mass and areal velocity. Equivalently, we can say that the areal velocity of a
particle is just half its angular momentum per unit mass.
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Kepler's second law of planetary motion

A planet revolves around the sun under the influence of gravitational force which acts towards the sun i.e., the
force is purely radial and tangential component F; of the force is zero.

L

As torque, t=rk, therefore t=0 or rm 0
or L = constant
AA .
or 2m N constant [ L =2mx areal veIouty]
AA .
or N constant [ m of planet is constant {

This means that the areal velocity of a planet is constant. This is Kepler’s second law of planetary motion which
states that the line joining the planet to the sun sweeps out equal areas in equalintervals of time.

Torque and angular momentum for a system of particles

-> o5 -

Consider a system of n particles. Let Li, L2, Ls,.... be the angular momenta of the various particles about the

origin O of a reference frame. The total angular momentum "ofthesSystem about the point O is given by the
vector sum of angular momenta of all the individual particles. Thus

—

L=Li+ L2 +...... #Ln

or L= Li =

Similarly, the total torque acting.en the system is equal to the vector sum of the torques of all the particles about
the origin O. Thus

— tot - — —>
T, T, + T+t T,
- - -
— - —
=xFE+r, xF +..r xF,
n n
—tot — — 2
i=1 i=1

The total torque-actingon the system is due to two sources :
(i) Torques exerted on the particles on the system by mutual internal forces between the particles.
(ii) Torques exerted on the individual particles of the system by the external forces.

According to Newton’s third law, the internal torque on the system due to internal forces is zero because the
forces between any two particles are equal and opposite and directed along the line joining the two particles.
Hence the total torque is due to external forces only. So, we have

n
—tot —ext — tot
T =71 = T

=1
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This is in accordance with the common experience bodies do not start spinning on their own without external
forces acting on them. Hence if the angular momentum of a system changes with time, this change can be due to

the torques produced by external forces only. So, we can write

—ext _ d L

_E.

Thus the rate of change of total angular momentum of a system of particles about a fixed point is equal to the
total external torque acting on the system about that point.

Subjective Assignment - Il

1.

(i) Find the torque t acting on the particle at a time t whenit is at point Q with ©

Find the torque of a force 71 —3] —5k about the origin which acts on a particle whose position vector
isT+]—K.

A metal bar 70 cm along and 4.00 kg in mass is supported on two knife—edges placed 10 cm from each
end. A 6.00 kg weight is suspended at 30 cm from one end. Finddthe reactions‘at the knife-edges.
(Assume the bar to be of uniform cross section and homogenous). Takexg = 9.8 ms 2

A 3m long ladder weighing 20 kg leans on a frictionless wall. Its feet rest on
the floor 1m from the wall as shown in fig. Find the_reaction forces of the
wall and the floor.

A particle of mass m is released from
point P at x =x, on the X—axis from origin O and falls vertically aleng the
Y—axis ,as shown in fig.

respect to O.
(ii) Find the angular momentum Lyof the particle about O at this time t.

Direction of
torque

(iii) Show that = % in this example.

YY f=mg
An electron of mass 9x107 kg revolves in a circle of radius 0.53 A around the nucleus of hydrogen

with aafelocity of 2.2 x 10%,ms,*. Show that its angular momentum is equal to h/2where h is Planck’s
constant.of value 6.6 x10 % Js.

Show that the angular momentum of a satellite of mass M is revolving around the earth having mass

Migiin.an orbit of radius r is L =/GM, MZ r .

Determine the angular momentum of a car of mass 1500 kg moving in a circular track of radius 50m
with a speed of 40 ms™.

Mass of an electron is 9.0 x 10* kg. It revolves around the nucleus of an atom in a circular orbit of
radius 4.0 A with a speed of 6.0 x 10° ms ™. Calculate the angular momentum of the electron.

Answers

1.
4.

—8i—2] —10k 2. 55 N at K; and 43 N at K 3. 34.6u,199 u
(i) mgx, (i) mgx,t 7. 3x10° kgm?s™ 8. 2.16 x10"® kgm?s™
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Equilibrium of rigid bodies

A rigid body is one for which the distances between different particles do not change, even though they move.
Under the influence of an external force, a rigid body can execute two kinds of motion :

(i) Translational motion in which all particles move with the same velocity and (ii) rotational motion about an
axis.

A rigid body is said to be in equilibrium if both the linear momentum and angular momentum of the
rigid body remain constant with time. Hence for a body in equilibrium, the linear acceleration of its centre of
mass would be zero and also the angular acceleration of the rigid body about any axisanvould be zero.

A body under the action of several forces will be in equilibrium, if it possesses the following two
equilibrium simultaneously :

(i) Translational equilibrium : The resultant of all the external forces”acting on the body must be zero,

N
otherwise they would produce linear acceleration. Hence for translation equilibrium, Z F. =0

or D> F.=0,> F =0and > E=0

N —
Applying Newton’s second law, Z Foo =M a_éM =M d \;:M =0
d vy, R
or —dt =0 or Vo = constant

This implies that a body in translational equilibrium will be gither at rest (v = 0) or in uniform motion
(v = constant). If the body is at rest, it is said to be in static equilibrium. It the body is in uniform motion along a
straight path, it is in dynamic equilibrium.

(ii) Rotational equilibrium : The resultant of torques,due to all the forces acting on the body about any point
must be zero, otherwise they would produce,angular acceleration. Hence for rotational equilibrium

\ S
_2:* ext _
Text = rix':i =0

For rotational equilibrium, the‘chaice of the point of rotation (or fixed point) is unimportant. If the total torque is
zero about any peint, then it will'bezero about any other point when the body is in equilibrium.

Distinguish between stable, unstable'and neutral equilibria of a body.

(i) Stable equilibrium : A body is said to be in stable equilibrium if tends to regain it equilibrium position after
being slightly displaced and released. In stable equilibrium, a body has minimum potential energy and its centre
of mass goesthigher when it is slightly displaced.

(if) Unstable equilibrium : A body is said to be in unstable equilibrium if it gets further displaced from it
equilibrium position after being slightly displaced and released. In unstable equilibrium, a body possesses
maximum potential energy and its centre of mass goes lower on being slightly displaced.

(iii) Neutral equilibrium : If a body stays in equilibrium position even after being slightly displaced and
released, it is said to be in neutral equilibrium. When a body is slightly displaced from its position of neutral
equilibrium, its centre of mass is neither raised nor lowered and its potential energy remains constant.

Moment of inertia and its physical significance

A body rotating about a given axis tends to maintain its state of uniform rotation, unless an external torque is
applied on it to change that state. This property of a body by virtue of which it opposes the torgue tending to
change its state of rest or of uniform rotation about an axis is called rotational inertia or moment of inertia. The
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moment of inertia of a rigid body about a fixed axis is defined as the sum of the products of the masses of the
particles constituting the body and the squares of their respective distances from the axis of rotation.

Consider a rigid body rotating with uniform angular velocity o about a
vertical axis through O, as shown in figure. Suppose the body consists of n
particles of masses m;, m,, m,,....,m, situated at distances

respectively from the axis of rotation. The moment of inertia of the
body about the axis is given by

2 2 2
l=mr+m,ry +mgry +.....4+4m

n
I :Zmi i
i1

The dimensional formula of moment of inertia is [MLZTO] The SI unit 6f moment of inertiajis kg m? and its

CGS units is g cm?.

Physical significance of moment of inertia : The mass of a body_resists a change in its'state of linear motion, it
is a measure of its inertia in linear motion. Similarly, the moment of inertia of a body about an axis of rotation
resists a change in its rotational motion. The greater the moment of inertia of a body, the greater is the torque
required to change its state of rotation. Thus moment of/inertiarof a body can be regarded as the measure of
rotational inertia of the body. The moment of inertia of-a'bedy plays the same role in the rotational motion as the
mass plays in linear motion. That is why moment of inertiayis called the rotational analogue of mass in linear
motion.

Factors on which the moment of inertia dépends : The moment of inertia of a body is the measure of the
manner in which its different parts are distributed at different distances from the axis of rotation. Unlike mass, it
is not a fixed quantity as it depends op the position and,orientation of the axis of rotation with respect to the
body as a whole.

The moment of inertia of a body depends,on

(i) Mass of the body (1) Size and shape of the body

(iii) Distribution of mass albout the'axis of rotation.

(iv) Position and orientation of the axis of rotation w.r.t. the body.

Relation between rotational K.E. and moment of inertia

As shown in fig:iconsider a rigid body rotating about an axis OZ with z
uniformgangular velocity . The body may be assumed to consist of n ; (‘F,m

. . . AXIBOf 8] Rigid body
particles of,masses m,, m,, m,,.....,m, ; situated at distances r, r,, f;,...., I, SR

from the axis of rotation. As the angular velocity o of all the n particles is
same, so their linear velocitiesare | X0 s

V= 6o, Vp = 6o, V3 =6, ..., V, =10

Hence the total kinetic energy of rotation of the body about the axis OZ is

. 1 5, 1 » 1 5 1 2 X
Rotational K.E. =Emlv1 +Em2v2 +Em3v3 o +Em Vv
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2 2 2 2 2
(M + myry +mly +...4+m )

%{Z mr? jmz

But Z mr® =1 , the moment of inertia of the body about the axis of rotation.

N

Rotation K.E. = %I ®°

When =1, rotational K.E. :%I . or | = 2x Rotational K.E.

Hence the moment of inertia of a rigid body about an axis of rotation is numerieally equal to,twice the rotational
kinetic energy of the body when it is rotating with unit angular velocity aboutthat axis.

Radius of Gyration

For any body capable of rotation about a given axis, it is possibleftoxfind a radial distance from the axis where,
if whole mass of the body is concentrated, its moment of inertia will remain unchanged. This radial distance is
called radius of gyration and | denoted by k.

The radius of gyration of a body about its axis of rotation‘may be defined as the distance from the axis
of rotation at which f the whole mass of the body were congentrated, its moment of inertia about the given axis
would be the same as with the actual distribution of mass. The,radiusvef.gyration k is a geometrical property of
the body and the axis of rotation. It gives a measure of the manner in‘which the mass of a rotating body is
distributed with respect to the axis of rotation:

k has the dimensions of length Land is measured,in metre or cm.

Expression for k : Suppose a rigiddbody consists of n particles of mass m each,
situated at distances r,, ,, I,...., I, /fromythe axis of rotation AB.

The moment of inertia of the body,aboutthe,axis AB is

| =K + Mg + mr; .. 4mr

= MR + 1) +...417 &b
2 2 2 2 r
L+, + 0+t 1
—mxn (1 2 3 n) ; my
n 2 —em,
ry o
2 2 2 2 ® 3
L+ +0 +o T
or | =M (6 +h n) u m
n n
where M = m%xn =itetal mass of the body Axis of rotation
B

If k is the radius of gyration about the axis AB, then | = Mk?

MK — M (rf TN S +rn2J
n

2 2 2 2
62+ 0+ 0+t T :
or k = \/ 1 2 3 . = Root mean square distance.

n

Hence the radius of gyration of a body about an axis of rotation may also be defined as the root mean square
distance of its particles from the axis of rotation.
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Factors on which radius of gyration of a body depends :
(i) Position and direction of the axis of rotation. (ii) Distribution of mass about the axis of rotation.

Theorem of perpendicular axis

The moment of inertia of a plane lamina about an axis perpendicular to its plane is equal to the sum of the
moments of inertia of the lamina about any two mutually perpendicular axes in its own plane and intersecting
each other at the point where the perpendicular axis passes through the lamina.

Proof : Consider a plane lamina lying in the XOY plane. It can be assumed to be made up of large number of
particles. Consider one such particle of mass m situated at point P(x, y). Clearly, the,distances of the particle

from X—, Y — and Z —axis are y, x and r respectively such that
r’=y?+x*
Moment inertia of the particle about X—axes
= my2
.. Moment of inertia of whole lamina about X—axis is
I, = Z my?
Moment of inertia of whole lamina about Y—axis is
I, = Z mx?
Moment of inertia of whole lamina about Z—axis is
I =Zmr2 =Z m(y2-+ x?) :Z:my2 +me2

or =1, +1,

This proves the theorem of perpendicular axes.

Theorem of parallel axes

The moment of inertia of a bady about any-axis is equal to its moment of inertia about a parallel axis through its
centre of mass plus the preduct of the mass of the body and the square of the perpendicular distance between the
two parallel axes.

Proof : Let I be the moment of inertia of a body of mass M about an axis PQ. Let RS be a parallel axis passing
through the centré of mass C of the,body and at distance d from PQ. Let I, be the moment of inertia of the
body about the axis RS. Consider a particle P of mass m at distance x from RS and so at distance (x + d) from
PQ. P R
Moment of inertia of the particle about axis PQ

=m(x+d)?
.. Moment of inertia of‘the whole body about the axis PQ is
| = Z m(x+d)* = Z m(x*+ d? +2xd) = Z mx® + Z md? + Z 2mxd
Now, Z mx? = |,
Z md? = (Zm)ol2 = Md?

Zmed:Zd me:deozo
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This is because a body can balance itself about its centre of mass, so the algebraic sum of moments (z mx) of
mass of all its particles about the axis RS is zero.

Hence | =lgy + Md?

This proves the theorem of parallel axes.

Moment of inertia of a thin circular ring
(a) M.I. of a ring about an axis through its centre and perpendicular to its plane :

Consider a thin uniform circular ring of radius R and mass M. As shown in fig. we wishrto determine its moment
of inertia | about an axis YY' passing through its centre O and perpendicular to it. Fhe,ring can be imagined to
be made of a large number of small elements. Consider one such element of length dx.

Length of the ring = circumference = 2xnR.
Mass per unit length of ring = M
27R

M
2nR

Mass of the small element dM = dx

Moment of inertia of the small element about the axis YY’.

dl :(ldxj Rzzwdx
27 21

The small elements lie along the entire circumference of the ringie., from x=0 to x=2nR . Hence the moment
of inertia of the whole ring about the axis YY "will be

2nR 27R

|- [ MR MR Idx :ﬂ[x]Z“R:W(an—O)
21 271 2n 0 2n

or ['=IMR?

(b) M.I. of a ¥ring about any ,diameter. According to the theorem of
perpendicular axes, the moment of inertia about an axis YY' through O and
perpendicular to thering is equal to sum of its moments of inertia about two
perpendicular diameters AB and CD, as shown in fig.

lag + lep = Iy 1y +1, =MR? or ID=%MR2
Here I, isthe M.I. of the ring about any diameter.
(c) M.1. of a ring about a tangent in its plane : As shown in fig. Let I, be the . C-Eb .
moment of inertia of the ring about the tangent EBF. Applying the theorem of =
parallel axes, we get ‘h

A B
I, = M.I. about diameter CD + MR? =% MR? + MR? "
D
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or h:EMW
2
(d) M.1. of a ring about a tangent perpendicular to its plane : Let I; be the
moment of inertia of the ring about the axis PAQ tangent to the plane of the ring. y P
Applying the theorem of parallel axes,
log = lyy + MR? = MR? + MR? or I = 2MR?

Note : We can determine the radius of gyration (k) of the ring about any axis by

equating its M.1. about that axis to Mk?. For example, the radius of gyration of a
thin ring about any diameter is given by

|D=%MRK=MW or k=R/\2

Moment of inertia of a uniform circular disc

(a) M.I. of a circular disc about an axis through its centre and perpendiculartoits plane :

As shown in fig. consider a uniform disc of mass M and, radius R. SupposenYY.«is an axis passing
through the centre O of the disc and perpendicular to its plane.

Avrea of the disc = nR?
. . M
Mass per unit area of the disc = —-.
nR
We can imagine the disc to be made up of a largethumber of congentric rings, whose
radii vary from O to R. Let us consider one such concentric ring ofiradius x and width dx.
Area of the ring = Circumference x Width = 2ntx x dx

2Mx dx

RZ

m
R2

Mass of the concentric ring, m = ( j 2nx dx =

Moment of inertia of the congentriciring about the axis YY'

, [ 2Mx dx 3’ 2Mx® dx
d'=mX= R2 X X ZT

The moment of inertia of the whole disc about the axis YY' can be obtained by integrating the above expression
between the limits O to R.

I=J'Zdex=2_M 3 dx :Mx_ =2M2[R4—0]: szR4
. 4 0 4R R

or | == MR?

(b) M.1. of a disc about any diameter : In fig. AB and CD are two
mutually perpendicular diameters in the plane of the disc. Applying
the theorem of perpendicular axes, we get

las + lep = Iy
1

or |DHD=EMW or Iy ==MR?
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(c) M.1. of a disc about a tangent in its plane : Let I; the moment of inertia of
the disc about a tangent EBF in the plane of the disc. This tangent is parallel to the

diameter CD of the disc. Applying the theorem of parallel axes, we get
L, = Moment of inertia of disc about CD + MR? Ak
or I L MR+ MR? =2 MR?
4 4

(d) M.1. of a disc about a tangent perpendicular to its plane : In fig. let 17 be the moment of inertia of disc
about the tangent PQ perpendicular to the plane of disc. Applying the theorem of parallel axes, we get

lpg = Iy + MR? =% MR? + MR? SR TR P
or Ir = 3 MR?2
2 o =
Moreover, the radius of gyration (k) in this case is given by
2_3 2 K
Mk =5 MR or k= 5 R y .

Moment of inertia of a thin uniform rod about a perpendicular axis through its centre

Consider a thin uniform rod AB of length L and mass M, free to rotate about an axis YY’ through its centre O
and perpendicular to its length.

Y
Mass per unit length of rod = % dbX
) . x=-L/2 —* x=+L/2
Consider a small mass element of length dx at a distancexfrom@©. 4 o) s
Mass of the small element = M dx | % |
Y

Moment of inertia of the small element about Y .
dI"=Mass/x (distance)? = % dxx x?

The moment of inertia of the whaleyrod about the axis YY“can be obtained by integrating the above expression

between the limits\ x =—% and x = +% .

WL L
2 2 35 3 3 3 3 3
|:J'd|:J'MX2 dX:MJ‘ Eax=M XM (Lj _(_Lj ML b M L
L b L J L3 3L\ 2 2 3L| 8 8 3L 4
- 2

ML?
or | =
12
Radius of gyration. Let k be the radius of gyration of the rod about the axis YY"’ Then
I = Mk?
2 2
M2 = ML or kK=t or L
12 12 23
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Thus, the radius of gyration of a uniform thin rod rotating about an axis passing through its centre and
perpendicular to its length is L/243.

M.I. of a thin uniform rod about a perpendicular axis through its one end

Consider a thin uniform rod AB of length L and mass M, free to rotate about an axis YY “passing through its one
end A and perpendicular to its length, as shown in fig.

Mass per unit length of the rod = % Y
Consider a small element of length dx of the rod at a Ppr1 R
X
distance x from the end A. L
M A B s
Mass of the small element = T dx L at
e

Moment of inertia of the small element about the axis YY",
dl = Mass x (distance)? = % dx . x?

The moment of inertia of the whole rod about the axis YY“can be obtained by integrating the above expression
between the limits x =0 and x = L.

L L gt 2
I=J-dl=J.de.x2=MJ.x2dx=M x =M[x3]L=M[L3—0]=ML
. L L . | 3 0 3k 0 3iz 3L

ML?
or | = )
3
Radius of gyration : Let k be the radius of gyration of the‘rad"about the axis YY"’ Then
2 2
ML _ w2 o Kot or k==
3 N

Thus radius of gyration of rod about an axis passing through its one end and perpendicular to its length is L/\3

M.I. of a hollow cylinder about its own axis
Consider. a hollow . cylinder of mass M and radius R. As shown in fig. every element of the o

cylinder is at the same perpendicular distance R from its axis. Hence the moment of inertia of o
the hollow eylinder about its own axis is

M M
|=J'R2dm=J'R2dm=R2J'dm=R2xM or | = MR? . D
0 0

Moment of inertia of uniform solid cylinder about its own axis

Consider a solid cylinder of mass M, radius R and length L. We wish to determine its moment of inertia about its
own axis YY .

Volume of the cylinder = nR?L

LY
nR2L

Mass per unit volume of the cylinder, p
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We can imagine the cylinder to be made of a large number of coaxial cylindrical shells.
Consider one such cylindrical shell of inner radius x and outer radius x+dx, as shown in
fig.; The cross section of the shell is a ring of radius x and thickness dx.

.. Cross-sectional area of the cylindrical shell
= Circumference x thickness = 27x dx
volume of the cylindrical shell = Cross-sectional area x length = 27x dx x L
M 2M
nR’L  R%
As the mass of the shell is distributed at the same distance x from its axis, so its momentief inertia about the axis
YY'is

Mass of the cylindrical shell, m= Volume x p = 2nxL dxx X dx

, 2M

dl = mx =?xdxxx2:2R—'\gx3dx

The moment of inertia of the slid cylinder can be obtained by integrating the abaqve, expression between the

limitsx =0and x =R.
R
2M _2M C2M s
=i - j——x m_——-oxd R2{4}0_EF[R 0]

or | =1 MR?
2

M.I. of a solid cylinder about an axis through its centre and perpendicular to its axis

Consider a uniform solid cylinder of mass M, radius‘Ryand length/L, we wish to determine its moment of inertia
about an axis YY “passing through its centre O and perpendicularto its length.

Mass per unit length = %

We can imagine the cylinder'to be made up. of a large number of thin circular discs placed perpendicular to the
axis of the cylinder. Asshewn in fig. consider @ne such thin disc of thickness dx and at distance x from the
centre O.

mass of the elementary disc = % dx

P4
. . 4
Radids of the,elementary disc = R [ A 7 Axis of the
Moment of inertia ofithe elementary disc about the diameter AB < ' SYlinder
2 \ Z i
— L Mass x radius? = 2. M. gxx R2= MR g . A
4 4L aL —k Ly

Applying the theorem of parallel axes , the moment of inertia of the elementary
disc about the axis YY",
dl = M.I. about the diameter AB + Mass x x*

2 2
_ MR dX—i—MdXxXZ:M R—+x2 dx
4L L Ll 4
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The moment of inertia of the cylinder about the axis YY’can be obtained by integrating the above expression
between the limits x = 0 and x = L/2 and multiplying the result by 2 to cover both halves of cylinder. Thus,
L

L

2 2 2 2
|:2Id|=2jM R—+x2 dx=m R dx +

! L{ 4 L 4 .

x2 dx

O — | —

L
2M | R? | 2 | X3 )2 2M | R?(L (L/2)? 2M [ RZ L °
=== —|x| 2 == = =-0+ O||l=== = =+=
L | 4'"0 3, L |42 3 L| 4 2 24
2 2
or =M R—+L—
4 12

Moment of inertia of a hollow sphere about its diameter

Consider a solid sphere of mass M and radius R. XX’ be its diameter about
which the moment of inertia is to be calculated. As shown in the figure.

Surface area of the sphere = 47 R?

.. Mass per unit area of the hollow sphere = MR2 (1)

Now consider a circular ring of the hollow sphere such that theycentre of the ring is at a distance x from the
centre of the sphere. Let AC be the radius and AB be the width of the ring. £~ AOB =d6, ~YOA=~/0AC =6.

Let AC =y

AB=Rd6 (2)
From right angled AOCA, AC = OAcos6
or y=Rcoso ..(3)
Also, OC =OAsin6 (4)
or X =Rsin6

Differentiating equation (4), we get dx =,Rcos6 d6
Using equation (3), we get dx=y do ...(B)
Surfaced@rea of the ring = circumference x Width
=2ny x AB =2ny x RdO =2nR(y do)
Using equation (5), we get
Surface area of the ring = 2nRdx

Mass of the ring=

AL RdX=MdX
R 2R

XX is an axis passing through the centre of the ring and perpendicular to its plane.

We know, moment of inertia of a ring about an axis passing through its centre and perpendicular to its plane is
given by

dl = Mass x (Radius)® = ;VI—R dx x y?

S.C.0. 16-17 DISTT. SHOPPING CENTRE HUDA GROUND URBAN ESTATE JIND Ph:- 9053013302
Page No: 32



Systems of Particles and Rotational Motion

Form A OAC, R? = x% +y?
or y?=R?—x?
M 2 2 M 2 2
dl =—dxx (R“°—x%) =—(R“—x%)dx ...(6
R x( ) 2R( ) (6)

Moment of inertia of the hollow sphere about XX’ axis can be calculated by integrating equation (6) between
the limits x=—R to x=+R.

Idl :igﬂ—R(Rz—xz)dx

R

R r R
_ﬂ 2 _ 2 _M 2r,R 4 X_3
I_2R RIdx Ix dx_ZR!R [x] 5 3}4{}

-R -R

M, 1, ] M [.h 2R3

= | RYR—(—R)}-{R*—(=R)*} | = = | 2R3 2"

o | R RS-~ )}} x|
r 3

:M ﬁ :EMRZ or I:gMRZ

2R| 3 | 3 3

Moment of inertia of a solid sphere about its diameter

Consider a uniform solid sphere of mass M andfradius R. We,wish tardetermine its moment of inertia about
diameter AB

3Mm
47 R3

We can imagine the sphere to be made,up of a large pumber of thin slices placed perpendicular to the diameter
AB. Consider one such slice of thickness dx placed at distance x from the centre O.

Radius of the elementary sliée = VR2 — x?
Volume of the elementary slice = Area x thickness

2
= n(x}Rz —xz) x dx = t(R? —x?) dx

Mass of the elementary slice = Volume x p = ©(R? —x?)dx x %
T

Volume of the sphere = %n R®, Mass per unit velume, p =

_ 3M(R*-x%)dx
4R?
Moment of inertia of the thin slice about the axis AB passing through its centre and perpendicular to its plane,

dl :% mass x (radius )?

_ 1 3M(R*—x*)dx _ 3M(R*-x%)%dx
2 4R® ' 8R*
The moment of inertia of the whole sphere about the diameter AB can be obtained by integrating the above
expression between the limits x = 0 and x = R and multiplying the result by 2 to include both halves of the
sphere.

(R*-x?)
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R 2 2\2 R
I=2_[d| =2J. 3M (R —x%) dx= 2;:3M J.(RZ—XZ)Z dx
0 0

8R®

4R®
0

R R R R*
:%I(R4—2R2x2+x4)dx _3M {R“Idx—szszde x“dx]
0 0 0

3 |R 5 |R 3 5
=M TRexr —2r?| X X | = M ey ar?| B 0| 4| R o
4R 0 51, 4R 3 5
5
=3—M3 R _Zpo R =3—M3><£R5 and | = ZMR?
4R 3 5| 4R®" 15 5

Moment of inertia of the solid sphere about a tangent.
Applying the theorem of parallel axes, the moment of inertia of a solid sphere about a tangent is given by
I, = M.1. about a diameter + Mass x (radius)?

2 7

= =MR? + MR? or l; =— MR?
5 5
1. A wheel of mass 8kg and radius of gyration 25 cn1is rotating at 300 rpm. What is its moment of inertia?
2. Three mass points m;, m, and m, are located at the vertices ofyansequilateral triangle of length a. What
is the moment of inertia of system abeut an axis along the altitude of the triangle passing through m;.
3. Three balls of masses 1, 2 and 3 kg respectively are arranged at the corners of an equilateral triangle of

side 1m. What will be the moment of inertia of the system about an axis through the centroid and
perpendicular to the plane of the triangle?

4 1m

4. Four particles of masses 4kg, 2kg, 3kg and 5kg are respectively located at the e —o
four corners A, B, C and D of a'square of side 4m as shown in fig. Calculate the ' '
moment of inertia ofsthe'system about 1m im
(i) an axis passingythrough the point of intersection of the diagonals and
perpendicular to the'plane of the square. |
(ii) the side AB and (i) the diagonal BD e Im 3

5. The moement of inertia of auniferm circular disc about its diameter is 100g cm?. What is its moment of
inertia (i)about its tangent (ii) about an axis perpendicular to its plane.

6. Calculate the moment of inertia of a cylinder of length 1.5 m, radius 0.05 m and density 8 x 10° kg m*
about the axis of the cylinder.

7. Calculate'the moment of inertia of the earth about its diameter, taking it to be a sphere of 10% kg and
diameter 12800.km.

8. Four spheres of diameter 2a and mass M each are placed with their centres on the four corners of a
square of side b. Calculate moment of inertia of the system about one side of the square taken as its axis.

9. Two point masses of 2 kg and 10kg are connected by a weightless rod of length 1.2m. Calculate the M.1.
of the system about an axis passing through the centre of mass and perpendicular to the system.

10. Find the moment of inertia of a rectangular bar magnet abut an axis passing through its centre and
parallel to its thickness. Mass of the magnet is 100g, length is 12cm, breadth is 3cm and thickness is
2cm.

11. Calculate the ratio of radii of gyration of a circular ring and a disc of the same radius about the axis

passing through their centres and perpendicular to their planes.
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27.

Systems of Particles and Rotational Motion

Find the radius of gyration of a rod of mass 100 g and length 100 cm about an axis passing through its
centre and perpendicular to its length.

A wheel is rotating at a rate of 1000 rpm and its kinetic energy is 10%J. Determine the moment of inertia
of the wheel about its axis of rotation.

Calculate the kinetic energy of rotation of a circular disc of mass 1kg and radius 0.2 m rotating about an
axis passing through its centre and perpendicular to its plane. The disc is making 30/= rotations per
minute.

Energy of 484 J is spent in increasing the speed of a flywheel from 60 rpm to 360 rpm. Find the moment
of inertia of the wheel.

Calculate the rotational K.E. of the earth about its own axis. Mass of the earth’= 6 x 10?* kg and radius
of the earth = 6400 km.

A metre scale AB is held vertically with its one end A on the floor and is then allowed to fall. Find the
speed of the other end B when it strikes the floor, assuming that the end on the floor daes not slip.

A uniform circular disc of mass m is set rolling on a smooth horizontal table with @ uniform linear
velocity v. Find the total K.E. of the disc.

A solid sphere is rolling on a frictionless plane surface abgut its axis of symmetrysFind the rotational
energy and the ratio of its rational energy to its total energy.

A wheel of mass 5kg and radius 0.40 m is rolling on @ road without sliding with angular velocity 10
rad s*. The moment of inertia of the wheel about thegaxis of rotation is 0.65 kgm® What is the
percentage of kinetic energy of rotation in the total kinetic energy of the wheel?

A solid cylinder rolls down an inclined plane. Its mass is 2 _kg and radius 0.1m. If the height of the
inclined plane is 4m, what is its rotational(K.E. when it'reaches the foot of the plane?

A bucket of mass 8kg is supported by a light rope wound'around a solid wooden cylinder of mass 12kg
and radius 20 cm free to rotate about its axisaA man holding the free end of the rope, with the bucket
and the cylinder at rest initially, lets go the bucket freely downwards in a well 50m deep. Neglecting
friction, obtain the speed of the bucket and the angularspeed of the cylinder just before the bucket enters
water. Take g = 10 ms 2.

A body of mass 50 g is#evolving about an axis'in a circular path. The distance of the centre of mass of
the body from the axis of rotation is'50,cm. Find the moment of inertia of the body.

Find the moment ofiinertia of the hydrogen molecule about an axis passing through its centre of mass
and perpendicular tothe, interatomic axis. Given mass of H-atom = 1.7 x 10’ kg, interatomic distance
=4x10"m.

Three.particles, each of 10'g are’located at the corners of an equilateral triangle of side 5 cm. Determine

the moment of inertia of this system about an axis passing through one corner of the triangle and
perpendicular to the plane of the triangle.

5cm

D
Four point'masses of 20 g each are placed at the corners of a square ABCD of
side 5 cm, as shown in Fig.. Find the moment of inertia of the system - 5 em
(1) about an axis coinciding with the side BC and
(i) about an axis through A and perpendicular to the plane of the square. 8 Sem ¢

[

The point masses of 0.3 kg, 0.2 kg and 0.1 kg are placed at the corners of a right prie
angled AABC, as shown in fig. Find the moment of inertia of the system (i) about 0dm
an axis through A and perpendicular to the plane of the diagram and (ii) about an
axis along BC. 031kg et 0215
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28. Three particles, each of mass m, are situated at the vertices of an
equilateral AABC of side L, as shown in fig. Find the moment of
inertia of the system about the line AX perpendicular to AB and
in the plane of A ABC.

29. Four particles each of mass m are kept at the four corners of a square of edge a. Find the moment of
inertia of the system about an axis perpendicular to the plane of the system and passing through the
centre of the square.

30. What is the moment of inertia of a ring of mass 2 kg and radius 50 cm about an axis passing through its
centre and perpendicular to its plane ? Also find the moment of inertia about & parallel axis through its
edge.

31. Calculate the moment of inertia of uniform circular disc of mass 500g, radius 10%em about (i) diameter
of the disc (ii) the axis tangent to the disc and parallel to its diameter and (iii) the axisithrough the centre
of the disc and perpendicular to its plane.

32. Calculate moment of inertia of a circular disc of radius 10 cm, thicknesss5 mm and/uniform density
8gcm ™, about a transverse axis through the centre of the disc.

33. The radius of a sphere is 5 cm. Calculate the radius of gyratien about (i) its diameter and (ii) about any
tangent.

34. Calculate the radius of gyration of a cylindrical rod ofymasssiMl andalength L about an axis of rotation
perpendicular to its length and passing through itS centre. 3kg 5kg

35. Two masses of 3 kg and 5 kg are placed at 30 cmyand 70 cm i

. . N DU | | I I N

marks respectively on a light wooden metre scale, as‘shown i o 2 7"_0 100 cm

Figure. What will the moment of inertia of the system about an
axis through (i) 0 cm mark and (ii)<100 cm mark, and
perpendicular to the metre scale?

1 ]
p— 0.5m ——— fo——— 0.5 m —|

1 L
L A ] L |
1 ]

36. Calculate the moment of inertia of a rod of mass 2kgrand length ! Axds of ! Axds of
0.5m in each of the following cases as showniin fig. ('i;otaﬁm 'rotation i

37. A body of mass 2 Kg is revelving ina horizontal circle of radius 2 m at the rate of 2 revolutions per
second. Determine (i) moment of inertia of the body and (ii) the rotational kinetic energy of the body.

38. A flywheel of mass 500 kg and diameter 1 m makes 500 rpm. Assuming the mass to be concentrated
along rim, calculate (i) angular velocity (ii) moment of inertia and (iii) rotational K.E. of the flywheel.

39. A rod révolving 60 times in aminute about an axis passing through an end at right angles to the length,
has kineti¢ energy of 400J. Find the moment of inertia of the rod.

40. A thin metal hoop of radius 0.25 m and mass 2 kg starts from rest and rolls down an inclined plane. If its
linear velocity on reaching the foot of the plane is 2 ms™, what is its rotation K.E. at that instant?

41.  The earth'has'a mass of 6 x 10** kg and a radius of 6.4 x 10° m. Calculate the amount of work in joules

that must be dane if its rotation were to be slowed down so that the duration of the day becomes 30

hours instead of 24 hours. Moment of inertia of earth = %MR2 )

Answers

2

1. 0.5 kgm? 2. aT(m2 +m,) 3. 2 kg m?
4. (i) 7kgm®  (ii)8kgm?  (iii) 3.5 kg m’ 5. (i) 500 g cm?(ii) 200 g cm?
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6. 0.1175 kg m? 7. 1.64 x 10® kg m? 8. glvl (4a” +5b%)
9. 2.4 kg m? 10.  1275gcm? 1. 21
12.  0.289m 13. 1824 kgm® 14.  0.01J
15.  0.7kgm? 16.  2.6x10%J 17.  54ms!
18. %mvz 19. %m\/2 27 20.  44.8%
21. 26.13J 22. 23.9mst;119.5rads™ 23. 0.0125 kg m?
24, 13.6x10*kgm? 25. 5x107° kgm? 26.  (i),4000g cm?(ii) 2000gcm?
. 2 e ) 5mL? )
27. (i) 0.043 kg m* (ii) 0.027 kg m* 28. 2 29. 2ma
30. 0.5 kgm? 1.0 kgm? 31.  (i)12500 gcm?  (ii) 62500 g cm?, (iii) 25000 g cm?
. N L
32. 6.28 x 10* gcm? 33. 1)3.16 cm (i) 5.915 cm 34. K=—
g () (i) R
35.  (i)2.72kgm? (ii)1.92kgm? 36. (i) 0.042 kg m’ (ii) 0.166.kg m?
37.  8kgm?, 631.651J 38. (i) 52.38fad s (ii) 125 kg m? (iii) 1.715 x 10°J
39.  20.26 kg m? 40. 41 41. ) 9.36x 10%)

Relation between torque and moment of inertia

When a torque acts on a body capablé of retation about an axis, it produces an angular acceleration in
the body. If the angular velocity of each particle is o, then the angular acceleration, oo =dw/dt will be same for
all particles of the body. The linear acceleration will"depend.on their distances r, r,,....,r, from the axis of
rotation. As shown in figure, consider,a particle P of mass m; at a distance r, from the axis of rotation. Let its
linear velocity be v;.

Linear acceleration of the firstiparticle, a, = o

Force acting on the first particle, F=m,r,a Axis of

rotation

Moment of force F, about the'axis'rotation is 7, = R, =mr2a

Total torque acting on the rigid bodyais

T + Ty + T+ e+ T, /
X

= My o+ ML 0L +Ml70+ .+ M F 0

= (Xmr?)a
But mr? =1, moment'of inertia of the body about the given axis.
t=1la

Torque = Moment of inertia x Angular acceleration
Whenoa=1,7t=1.

Thus the moment of inertia of a rigid body about an axis of rotation is numerically equal to the external torque
required to produce unit angular acceleration in the body about that axis.

Relation between angular momentum and moment of inertia
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As shown in the figure consider a rigid body rotating about a fixed axis with uniform angular velocity ®. The
body consists of n particles of masses m;, m,, m,,....,m,; situated at distance r, r,, r,,.....,r, from the axis of
rotation. The angular velocity o of all the n particles will be same but their linear velocities will be different and

are given by v, =ro, v, = Lo, V; = [,......,V, =o.

Linear momentum of first particle, p, =myv, =mr, ®
Moment of linear momentum of the first particle about the axis YY’, L =pk=mr o

The angular momentum of a rigid body about an axis is the sum of moments of linear momenta of all its
particles about that axis. Thus

Axis of
rotation

=Emr)o

But *mr? =1 , moment of inertia of the body about the given axis >Y
S L=lw X

Angular momentum = M.I. x Angular velocity

wheno=1,L=1

Thus the moment of inertia of a body about an axis is numerically equal tothe angular momentum of the rigid
body when rotating with unit angular velocity about that axis.

Subjective Assignment -V

1. A torque of 2.0 x 10" * Nm isfapplied to produce anfangular acceleration of 4 rad s in a rotating body.
What is the moment of inertia of the body?
2. An automobile moves on.a road with a speed 0f54 kmh™. The radius of its wheels is 0.35m. What is the

average negative torque transmitted by, its brakes to a wheel if the vehicle is brought to rest in 15s? The
moment of inertia of the wheel about the¥axis of rotation is 3 kgm®.

3. A flywheel of mass25kg.has a radius/of 0.2m. What force should be applied tangentially to the rim of
the flywheel so that it acquires an angular acceleration of 2 rad s ?

4. A torgue of 10 Nm is applied.to a flywheel of mass 10 kg and radius of gyration 50cm. What is the
resulting angular acceleration.

5. A grindstone has a moment of inertia of 6 kg m” A constant torque is applied and the grindstone is
found to have a speed of 150 rpm, 10 seconds after starting from rest, calculate the torque.

6. A flywheelof mass 25 kg has a radius of 0.2 m. It is making 240 r.p.m. What is the torque necessary to

bring it to rest.in 20s? If the torque is due to a force applied tangentially on the rim of the flywheel,
what is the magnitude of the force?

7. A cord is wound around the circumference of a wheel of diameter 0.3m. The axis of the wheel is
horizontal. A mass of 0.5 kg is attached at the end of the cord and it is allowed to fall from rest. If the
weight falls 1.5m in 4s, what is the angular acceleration of the wheel? Also find out of moment of inertia
of the wheel.

8. A cord of neglibible mass is wound round the rim of a fly wheel of mass 20g and
radius 20cm. A steady pull of 25 N is applied on the cord as shown in figure. The
flywheel is mounted on a horizontal axle with frictionless bearings.

(a) Compute the angular acceleration of the wheel.

F=25N
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(b) Find the work done by the pull, when 2m of the cord is unwound.
(c) Find also the kinetic energy of the wheel at this point. Assume that the wheel starts from rest
(d) Compare answer to part (b) and (c)

9. A body whose moment of inertia is 3 kgm?, is at rest. It is rotated for 20s with a moment of force 6Nm.
Find the angular displacement of the body. Also calculate the work done.
10. How much tangential force would be needed to stop the earth in one year, if it were rotating with

angular velocity of 7.3 x 10 rad s ? Given the moment of inertia of the earth = 9.3 x 10* kg m* and
radius of the earth = 6.4 x10°m.

11. The angular momentum of a body is 31.4 Js and its rate of revolution is 10 cycles per second. Calculate
the moment of inertia of the body about the axis of rotation.

12. A 40 kg flywheel in the form of a uniform circular disc of 1m radius is making 120 rpm. Calculate the
angular momentum.

13. A ring of diameter 0.4 m and of mass 10 kg is rotating about its axis-atithe rate of 2100 rpm. Find (i)
moment of inertia (ii) angular momentum and (iii) rotational K.E. of the ring.

14. Calculate the angular momentum of earth rotating about its own axis. Mass ofiearth’ = 5.98 x 10* kg,
mean radius of the earth = 6.37 x 10° m, M.1. of the earth = %MR2 .

15. A cylinder of mass 5 kg and radius 30 cm, and frée to rotate about its axis, receives an angular impulse
of 3 kg m? s initially followed by a similar impulse after every 4s./ What is the angular speed of the
cylinder 30s after the initial impulse? The cylinder iSat rest initially.

16. The moment of inertia of a flywheel is4kg m? What'angular-acceleration will be produced in it by
applying a torque of 10 Nm on it?

17. The moment of inertia of a body is 2.5 kg .m> Calculate the torque required to produce an angular
acceleration of 18 rad s 2 in the’bodly.
18. A cylinder of length 20cm,andiradius 10 cm is rotating about its central axis at an angular speed of 100

rad/s. What tangential force willstop the cylinder at a uniform rate in 10 seconds? The moment of
inertia of the cylinder.aboutits axis of rotation'is 0.8 kg m®.

19. A flywheel of morent of inertia 10“gem? is rotating at a speed of 120 rotations per minute. Find the
constant breaking torque reguired to stop the wheel in 5 rotations.

20. If a constant torque of 580 Nm turns a wheel of moment of inertia 100 kg m? about an axis through its
centre, find the gain in angular velocity in 2s.

21. A sphere of mass 2kg and radius 5¢cm is rotating at the rate of 300 rpm. Calculate the torque required to

stop it is 6.28 revolutions. Moment of inertia of the sphere about any diameter = %MR2 :

22. A'bodyof.mass 1.0 kg is rotating on a circular path of diameter 2.0 m at the rate of 10 rotations in 31.4s.
Calculate (1) angular momentum of the body and (ii) rotational kinetic energy.

23. A circular ring of diameter 40 cm and mass 1 kg is rotating about an axis normal to its plane and passing
through the centre with a frequency of 10 rotations per second. Calculate the angular momentum about
its axis of rotation.

Answers

1. 0.5x10 *kg m? 2. —8.57kgm?s 2 3. 5N
4. 4rads™ 5. 3 Nm. 6. nN.
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7. a=1.25rads ?;1=0.855kg m’ 8. (@) 12.5rads? (b)50J (c)50J (d) Ans.same
9. 400 rad , W = 2400 J 10.  3.363x 10N 11. 0.5 kgm?

12. 251.2kgm’s™* 13. (i) 0.4kgm® (ii)88kgm?s? (iii) 9680 J

14. 153 x10*kgm?s? 15.  106.67rads” 16.  2.5rads?

17.  45Nm 18. 80N

19.  2.513 x 10" dyne cm 20. 10rads*

21.  2.542x10°Nm 22.  (i)2.0kgm?s™ (ii)2.0J 23.  0.8mkgm’s™.

Conservation of angular momentum :

Law of conservation of angular momentum : Suppose the external torque acting on,a rigid body due to
external forces is zero. Then T= % =0

Hence, L = constant.

So, when the total external torque acting on a rigid body is zero,sthe total angular‘mementum of the body is
conserved. This is the law of conservation of angular momentums

Clearly, when t=0, L=1 o= constant or Lo =10,

This means that when no external torque is acting, thefangular velocity o of the body can be increased or
decreased by decreasing or increasing the moment of inertia,of the body.

Ilustrations of the law of conservation of angular momentum :

(1) Planetary motion : The angular yelocity of a plamet
revolving in an elliptical orbit around they,sun increases,
when it comes closer to the sun because “its, moment/of
inertia about the axis through the sun decreases.

(i) A man carrying heavy weightsiin his hands and standing on
a rotating turn—table can change,the angular.speed of the
turn—table.

(iii)) A diver jumping from a spring board exhibits somersaults in
air before touchingthe water surface.

(iv)  An ice-skater or a ballet dancer can increase her angular velocity
by folding her arms and bringing the stretched leg close to the other
leg.

(v) The speed of the inner layers of the whirlwind in a tarnado is
alarmingly high.
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Subjective Assignment - VI

1. A small block is rotating in a horizontal circle at the end of a thread which passes down through a hole
at the centre of table top. If the system is rotating at 2.5 rps in a circle of 30 cm radius, what will be the
speed of rotation when the thread is pulled inwards to decrease the radius to 10cm? Neglect friction.

2. A star of mass twice the solar mass and radius 10° km rotates about its axis with an angular speed of 10°°
rad s. What is the angular speed of the star when it collapses (due to inward gravitational force) to a
radius of 10* km? Solar mass 1.99 x 10% kg.

3. If the earth were to suddenly contract to half of its present radius (without any external torque on it), by
what duration would the day be decreased? Assume earth to be a perfect solid sphere of moment of

inertia %MRZ.

4, What will be the duration of the day, if earth suddenly shrinks to 1/64 of its original volume, mass
remaining the same?
5. The maximum and minimum distances of a comet from the sun are 1.4 310" m and 7 x 10™ m. If its

velocity nearest to the sun is 6 x 10* ms™, what is the velocity in the farthestiposition?24Assume that path
of the comet in both the instantaneous positions is circular.

6. A horizontal disc rotating about a vertical axis passingsdhroughvits centre makes 180 rpm. A small piece
of wax of mass 10g falls vertically on the disc and adheres to it at a distance of 8 cm from its axis. If the
frequency is thus reduced to 150 rpm, calculate the' moment'of inertia of the disc.

7. An ice shatter spins with arms outstretched at“1.9%ps. Her moment of inertia at this instant is 1.33kg
m?. She pulls in her arms to increase her rate of spin. If thesmoment of inertia is 0.48 kg m? after she
pulls in her arms, what is her new rate ofd#fotation?

8. A mass of 2 kg is rotating on a circufar path of radius 0.8.m with angular velocity of 44 rad s. If the
radius of the path becomes 1.0m, what will be the value of'angular velocity?
9. A ball tied to a string takes 4 8'to complete revalution.along a horizontal circle. If, by pulling the cord,

the radius of the circle is reduced to half of the previous value, then how much time the ball will take in
one revolution?

10. The sun rotates roundgtself,once in 27 days. What will be period of revolution if the sun were to expand
to twice its presentdradius ? Assume theisun‘to be a sphere of uniform density.

11. If the earth suddenly, contracts by one-fourth of its present radius, by how much would the day be
shortened?

12. Prove that for an earth satellite, the ratio of its velocity at apogee (when farthest from the earth) to its
velocity at perigee (when neareSt to the earth) is the inverse ratio of its distances from apogee and
perigee.

13. A uniform'disc rotating freely about a vertical axis makes 90 revolutions per minute. A small piece of

wax of massim gram falls vertically on the disc and sticks to it at a distance of r cm from the axis. If the
numbeneof rotations per minute reduces to 60, find the moment of inertia of the disc.

Answer

1. 22.5rps 2. 0.0lrads™ 3. 18 h 4. 15h
5. 3000 ms™* 6. 3.2 x 10 ® kgm® 7. 5.26 rps 8. 28.16 rad s
9. 1s 10. 108 days 11.  105h 13. mrfgcm?
Analogy between translational and rotational motions

Linear motion Rotational motion

Quantities :

Displacement S Angular displacement |

Velocity v angular velocity ®

acceleration a angular acceleration a

S.C.0. 16-17 DISTT. SHOPPING CENTRE HUDA GROUND URBAN ESTATE JIND Ph:- 9053013302
Page No: 41



Systems of Particles and Rotational Motion

force F Torque T
mass m moment of inertia |
Expressions :
velocity _ds angular velocity ~de
ot ot
acceleration _dv angular acceleration _do
ot ot
force Torque
F=ma=i(mv) a T=|Ot=i(|03)
dt dt
work done W =Fs work done W=106
linear K.E. rotational K.E.
E = lmv2 E= %| %
Power P=Fv Power P=10
Linear momentum p=mv angular momentum L=lw
impulse FAt=mv—-mu angular impulse TAt = Lo, — | o,

Equations of motion

() v=u+at (ii)s:utJr%at2 (i) v? —u?=2as

(1) o=w,+at (ii) 6=06,t + %oct2

(iii) ©* — 3 = 208

Dimensions :

velocity [LT —1] angular velagity [LT 71]
acceleration [LT —2] angular acceleration [T —2]
mass [M] moment of inertia [ML?]
force [MET 2] torque t= Fr [ML2T 2]
linear K.E. IML?T 2] rotational K.E. [ML2T 2]
momentum [MLT ] angular momentum [ML2T™Y
power [MLAT %] Power [ML2T ]

Rolling Motion

The rolling motioniis one of the most common motions observed in daily life. All wheels, for example, used in
transportation havetrolling motion. We know that rolling motion is a combination of translation and rotation.
Further, thextranslational motion of a system of particles is the motion of its centre of mass. Let us consider the
rolling motion(witheut slipping) of a circular disc on a level surface. At any

instant, the point of contact P, of the disc with the surface is at rest (as there is no slipping). If \Zm is the
velocity of centre of mass, which is at the geometric centre C of the disc, then the translational velocity of disc =
\7cm , which is parallel to the level surface.

As rotation of disc is about its symmetric axis, which passes

through C, fig. therefore, velocity \72 of any point P, of disc is vector

—> - - - - -
sum of v, and v, which is the linear velocity on account of rotation.
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The magnitude of \fr =1 o, where o is angular velocity of rotation of
the disc about the axis and r is the distance of the point from the axis

(i.e., from C).
The velocity \Z is directed perpendicular to ¥ . In figure, we have shown velocity \72 of point P, as the

resultant of \Zm and v, . At P, the linear velocity v, at P, is R o, where R is radius of the disc. As Py is
instantaneously at rest.

Hence , for the disc to roll without slipping, the essential condition is \Zm =R ® . Obviously;welocity of point
P, at the top of the disc , v, =v,, + Ro = 2v,, and is directed parallel to the level surface as shown in the figure.

Kinetic energy of Rolling motion

The general result for a system of particles in rolling motion is that total kinetic energy K of

the system = K.E. of translational motion of centre of mass + K.E. of rotational motion (Kg) about the centre of
mass.

ie., K=K; +Kg (1)
If m is mass of the body and vy, is velocity of.centre,of mass of thebody, then

cm

K.E. of translation, K :%mv2

Since motion of rolling body aboutthe centre of massis rotation, therefore, K represents K.E. of rotation of the
body
. 1.
e, Ki==low
RT2
where | is moment of inertia‘@fthesbody about the symmetry axis of the rolling body.

Putting in (1), we,get

K.E. of rolling body, K = %mvfm +%I o (2
Y
From V,, = Ro, o=,
R
and I =mk?, where Kk is corresponding radius of gyration of the body.

2
N 1 ., 1 -(V
Puttingin (2) ,weget K==mv: +—mk-| -0
gin(2) g 5 Men + 5 ( R j

1 k?
K = Emvsm |:1+ ?:|

This is a general equation, which applies to any rolling body, a disc, a ring, a cylinder and a sphere.

Note : When an object rolls across a surface in such a way that there is no relative motion of object and surface
at the point of contact, the motion is called rolling without slipping. See that friction is responsible for such a
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motion. But no work is done against friction because there is no relative motion between the body and the
surface at the point of contact.

Solid cylinder rolling without slipping down an inclined plane

Consider a solid cylinder of mass M and radius R rolling down a plane
inclined at an angle 6 to the horizontal, as shown in fig. Suppose the
cylinder roll down without slipping. The condition for rolling without
slipping is that at each instant the line of contact of the cylinder with the
surface at P is momentarily at rest and the cylinder rotates about this line
as axis. The centre of mass of the cylinder moves in a straight line parallel
to the inclined plane. Notably, it is the friction which prevent slipping.

The external forces acting on the cylinder are

Q) The weight Mg of the cylinder acting vertically downwards through the centre of mass of the cylinder.
(i) The normal reaction N of the inclined plane acting perpendicular to the plane at P.

(iii) ~ The frictional force f acting upwards and parallel to the inclined plane.

The weight Mg can be resolved into two rectangular components.

Q) Mg cos© perpendicular to the inclined plane.

(i) Mg sin6 acting down the inclined plane.

As there is no motion in a direction normal to the inclined.plane,'so
N = Mg cos©O

Applying Newton’s second law to the linear motion of the centre of masssgthe net force on the cylinder rolling
down the inclined plane is

Ma = Mgsin0— f

It is only the force of friction f which exerts torquehc on the cylinder and makes it rotate with angular
acceleration a. It acts tangentially atthe point of contact P-and-has lever arm equal to R.

t = Force x forcearm = f . R
Also, © =M.l x»angular acceleration = la..

fR=Ia or fola_la [-_-azi}

Putting the valuef f in equation(1); we get

Ma = Mgsin6 —%

. la la .
a=(Qsind —~—— or a+——=0sino or a|l+
d MR? MRZ 9 [

gsino
L
MR?

1+

Moment of inertia of the solid cylinder about its axis = % MRZ.

az%n9 or azggsine
~MR?

1+2 5
MR
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Clearly, the linear acceleration a of solid cylinder rolling down an inclined plane is less than the acceleration due
to gravity g(a<g). The linear acceleration of the cylinder is constant for a given inclined plane (or given 6)
and is independent of its mass M and radius R. However, for a hollow cylinder, 1 = MR?, the value of a would

decrease to %g sinf.
From equation (1), the value of force of friction is
f =Mgsin6—Ma = Mgsin6—M %g sin® :%Mgsine
If u, is the coefficient of friction between the cylinder and the inclined plane, then

1 .
f gMgsme 1
N Mgcos6 3

To prevent slipping, the coefficient of static friction must be equal to or greater thanithe above value. That is

[T Z%tane or tan0 <3y,

Motion of a mass point attached to a string wound on a cylinder

As shown in the Fig. Consider a solid cylinder of mass mfand radius
R. It is mounted on a frictionless horizontal axle so that it'ean freely
rotate about its axis. A light string is wound round the cylinder and
mass m is suspended from it. When the mass m is'released fromirest, . l
it moves down with acceleration a. Let T be thetension in the string.

(a) Linear acceleration of the point mass. The forces-acting on the point mass are
(i) Its weight mg acting vertically downwards.

(i) Tension T in the string acting upwards.

According to Newton’s second law, the met,down force on the point mass is

mas=mg —1, (1)
The tension T is the string acts tangentially on the cylinder and produces a torque t given by
T = Force’x leverarm = T.R ...(2)
If I is the moment of inertia of the'eylinder and «, the angular acceleration produced in it, then
t=la ..(3)
. I la a
Form equation (2) and (3) , TR=la or T=—0a=— vo=—
R R R
Using above in equation (1), we get
la la 1 g
ma=mg-— or ma+—-=mg or majl+—— |=mg or a=
R R mR 14
2
mR

This gives the linear downward acceleration of the point mass.
(b) Angular acceleration of point mass : As I, m and R are positive quantities, so a is always less then ‘g’.

Angular acceleration, o= a__9/R = l9 or 7-_M9

- ot : L
R+ R2. ! (mR +1J 14 MR

mR? mRZL 1 |
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Clearly, T is less than the weight mg of the point mass.

Kinetic energy of rolling motion : The kinetic energy of a body rolling without slipping in the sum of kinetic
energies of translation and rotation.

K = K.E. f the translational motion of CM + K_.E. of rotational motion of CM

1, 1.,
=—mv5, +—-lo
2 M 2

where v, is the velocity of CM and I is the moment of inertia about the symmetry axis of the rolling body. If R
is the radius and K the radius of gyration of the rolling body, then

Vew = Ro and | = mk®

2 2
1 1 V, 1 Kk
K= > mvay, + 3 mkz(%j or K= EmvéM £1+?j
Subjective Assignment - VII
1. A cylinder of mass 5kg and radius 30 cm is rolling down an inclined plane at,an angle of 45° with the

horizontal. Calculate (i) force of friction, (ii) accelerationwith which the cylinderrolls down and (iii)
the minimum value of static friction so that cylinder does not slip while rolling down the plane.
2. Three bodies, a ring, a solid cylinder and a solid sphere roll dewnythe same in cylinder plane without

slipping. They start from rest. The radii of thebodies are identical. Which of the bodies reaches the
ground with maximum velocity.

3. A solid cylinder of radius 4cm and mass 250 g rolls, down“an_inelined plane(1 in 10). Calculate the
acceleration and the total energy of the eylinder after 5s.

4. A solid cylinder of mass 10kg is rolling perfectly on a plane of inclination 30°. Find the force of friction
between the cylinder and the surface of the inclined plane,

5. A solid cylinder of mass 8 kgsand radius 50cmis relling down a plane inclined at an angle of 30° with

the horizontal. Calculate (i)“force of friction, (ii) acceleration with which the cylinder rolls down and
(iii) the minimum value of coefficient of friction so that cylinder does not slip while rolling down the
plane.

6. A body of mass 5¢kg is attached to a'weightless string wound round a cylinder of mass 8 kg and radius
0.3m. The body’is allowed to fall. Calculate (i) tension in the string (ii) acceleration with which the body
falls and (iii) the angulan@cceleration of the cylinder.

Answers

f .. I |
1. (i).11.55 N (i) 4.62 ms™ (i) 3 2. Vgnere > Veytinger > Vring
3. 0.653 ms2p2.0 J 4. 16.33 N
5. ()13.06N  (i))3.267 ms? (i) 0.192
6. (i) 21.78 N (ii) 5.44 ms (iii) 18.13 rad s *

Conceptual Problems

1. Is it correct to say that the centre of mass of a system of n particles is always given by the average
position vectors of the constituent particles? If not, when it this statement true?
2. Why do we prefer to use a wrench of longer arm?
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10.

11.
12.
13.

14.

15.

16.

17.

18.

19.

20.

21

22.
23.

24.

25.

26.

Systems of Particles and Rotational Motion

A man climbs a tall, old step ladder that has a tendency to sway. he feels much more unstable when
standing near the top than when near the bottom why?

A faulty balance with unequal arms has its beam horizontal. Are the weights of the two pans equal?

A projectile acquires angular momentum about the point of projection during its flight. Does it violate
the conservation of angular momentum?

Some heavy boxes are to be loaded along with some empty boxes on a cart. Which boxes should be put
on the cart first and why?

Why we cannot rise from a chair without bending a little forward?
Does the moment of inertia of a rigid body change with the speed of rotation?
About which axis would a uniform cube have a minimum rotational inertia?

Two lenses of same mass and same radius are given. One is convex and othertis concave. Which one
will have greater moment of inertia, when rotating about an axis perpendicular to the plane and passing
through the centre?

A disc is recast into a thin walled cylinder of same radius. Which will haveilarge moment of inertia.
Why is it more difficult to revolve a stone tied to a large string than a stone tied,to a smaller string?

Two satellites of equal masses, which can be consideredsasyparticles are orbitingthe earth at different
heights? Will their moments of inertia be same or different?

There is a stick half of which is wooden and half is of steel. ltsisipiveted at the wooden end and a force
is applied at the steel end at right angles to its length. Next, it is pivoted at the steel end and the same
force is applied at the wooden end. In which case isithe angular acceleration more and why?

Why there are two propellers in a helicopter?

A thin wheel can stay up right on its rim for a considerable length of time when rolled with considerable
velocity, while it falls from its upright position at the slightest disturbance when stationary. Give reason.

Many rivers flow towards the equator. What effect does the sediment they carry to the seas have on the
rotation of the earth?

The moments of inertia of two,rotating bodies A and B are 1, and Ig(l,>1;) and their angular
momenta are equal. Whieh,one has a greater kinetic energy.

If angular momentdm is conserved in asystem whose moment of inertia is decreased, will its rotational
kinetic energy be conserved?

If earth were to shrink'suddenly, what would happen to the length of the day?

A body A’ of mass M while falling vertically downwards under gravity breaks into two parts; a body B of
mass M/3 and a body C of ‘mass 2M/3. How does the centre of mass of bodies B and C takes together
shift compared to that of A?

A particle moves in a circular path with decreasing speed. What happens to its angular momentum?

Ifan external\force can change the state of motion of CM of a body, how does the internal force of the
brakes bringia car to rest?

Two men stand facing each other on two boats floating on still water at a distance apart. A rope is held
at its ends by both. The two boats are found to meet always at the same point, whether each man pulls
separately or both pull together, why? Will the time taken by them is different in the two cases? Neglect
friction.

There are 100 passengers in a stationary railway compartment. A physical fight starts between the
passengers over some difference of opinion. (i) will the position of CM of the compartment change? (ii)
will the position of CM of system (compartment +100 passengers) change? Give reason.

Show that the angular momentum about any point of a single particle moving with constant velocity
remains constant throughout the motion. Is there any external torque on the particle?
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Systems of Particles and Rotational Motion

217. A rod of weight W is supported by two parallel edges A and B are is in equilibrium in horizontal
position. The knives are at a distance d from each other. The centre of mass of the rod is at distance x
from A. Find the normal reactions at the knife edges A and B.

28. How will you distinguish between a hard boiled egg and a raw egg by spinning it on a table top?

29. If two circular discs of the same mass and thickness are made from metals of different densities, which
disc will have the larger moment of inertia about its central axis? Explain.

30. Two identical cylinders ‘run a race’ starting from rest at the top of an inclined plane, one slides without
rolling and other rolls without slipping. Assuming that no mechanical energy is dissipated as heat, which
one will win?

31. A uniform circular disc of radius R is rolling on a horizontal surface. Determine the tangential velocity

(i) at the upper most point, (ii) at the centre of mass and (iii) at the point of contact.

32. A boat of 90 kg is floating in still water. A boy of mass 30 kg walks, from the stern to the bow. The
length of the boat is 3m. Calculate the distance through which the boatwill movéf”I

33. A uniform bar of length 6a and mass 8m lies on a smooth v
horizontal table. Two point-masses m and 2m moving in the : J;— 3 —|
same horizontal plane with speed 2v and v respectively strike L - - = 5
the bar as shown in figure, and stick to the bar after collision. e @ <e— 20 —f
Determine (i) velocity of the centre of mass (ii)f angular I

1

] 8m

. . L X 2
velocity about centre of mass and (ii) total kinetic energy just °

after collision.

34. A rod of length L and mass M is hinged at pointyO. A small
bullet of mass m hits the rod with velocity v, as shown in fig.
The bullet gets embedded in the rod. Find the angular velocity

m

p—  —y

of the system just after the impact. 0;,—1" -
1. Give the location of the centré of mass of mass ofa
(i) sphere (if) cylinder (iii) ring, and
(iv) cube, each of uniform,mass density. Doges the centre of mass of a body necessarily lie inside the
body?
2. In the HCI moléculeythe separation between nuclei of the two atoms is about 1.27 A (1A = 107° m).

Find the approximate loeation of the CM of the molecule, given that the chorine atom is about 35.5
times as_massive as a hydrogen atom and nearly all the mass of an atom is concentrated in all its
nucleus:

3. A child sits stationary at one end of a long trolley moving uniformly with speed v on a smooth
horizontal floor. If the child gets up and runs about on the trolley in any manner, then what is the effect
ofithe speed'of the centre of mass of the (trolley + child) system?

4. Show that the area of the triangle contained between vectors @ and b is one half of the magnitude of
axb.
5. Show that @. (b xC) is equal in magnitude to the volume of the parallelopiped formed on the three

vectors a,b and C .
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10. (a)

Systems of Particles and Rotational Motion

5
Find the components along the x, y, z axes of the angular momentum | of a particle, whose position

vector is ' with components x, y, z and momentum is B with components p,, p, and p,. Show that if
the particle moves only in the x-y plane, the angular momentum has only a z—component.

Two particles each of mass m and speed v, travel in opposite directions along parallel lines separated by
a distance d. Show that the vector angular momentum of the two partlcle system is the same whatever be
the point about which the angular momentum is taken :

A non-uniform bar of weight W is suspended at rest by two
strings of negligible weights as shown in fig. The angles made
by the strings with the vertical are 36.9° and 53.1° respectively.
The bar is 2m long. Calculate the distance d of the centre of
gravity of the bar from its left end.

A car weighs 1800 kg. The distance between its front and back axleS.is 1.8 m. Its centre of gravity is
1.05 m behind the front axle. Determine the force exerted by the fevel ground on each front wheel and
each back wheel.

Find the moment of inertia of a sphere about a tangent to the sphere, given the:moment of inertia of the
sphere about any of its diameters to be 2 MR?/5, where Msis the mass of the sphere and R is the radius of
the sphere.

(b) Given the moment of inertia of a disc of mass M,and radiussR"@bouit.any of its diameters to be MR%4,

11.

12.

13. (i)

(i)

14.

15.
16.

17.

18.

find its moment of inertia about an axis normal t0 the disc'and passing through a point on its edge.

Torques of equal magnitude are applied to a hollowycylinder and a solid sphere, both having the same
mass and radius. The cylinder is free to retate about itSistandardraxis of symmetry and the sphere is free
to rotate about an axis passing throughfitsicentre. Which“of the two will acquire a greater angular speed
after a given time?

A solid cylinder of mass 20 kg rotates about'it$yaxis with angular speed 100 rad s™*. The radius of the
cylinder is 0.25m. What is thé kinetic energy associated with the rotation of the cylinder? What is the
magnitude of angular momentum of the cylinder about its axis?

A child stands at the centre of turntable with'his two arms out stretched. The turntable is set rotating
with an angular speed of 40 rpm. How. muchfis the angular speed of the child if he folds his hands back
and thereby reduces his moment of ‘inertia to 2/3 times the initial value? Assume that the turntable
rotates without Triction.

Show that the child’s new kinetic energy of rotation is more than the initial kinetic energy of rotation.
How dogyou account for thisiincrease in kinetic energy?

A rope of.negligible mass is wound round a hollow cylinder of mass 3 kg and radius 40 cm. What is
angular aceeleration of the" cylinder if the rope is pulled with a force of 30 N? What is the linear
acceleration of the rope? Assume that there is no slipping.

To maintain a rotor at a uniform angular speed of 200 rad s, an engine needs to transmit a torque of
180 Nm. What is the power required by the engine? Assume that the engine is 100% efficient.

From a uniform disc of radius R, a circular hole of radius R/2 is cut out. The centre of the hole is at R/2
from the centre of the original disc. Locate the centre of mass of the resulting flat body.

A metre stick is balanced on a knife edge at its centre. When two coins, each of mass 5g are put one on
top of the other at the 12.0 cm mark, the stick is found to be balanced at 45.0 cm. What is the mass of
the metre stick.

A solid sphere rolls down two different inclined planes of the same heights but different angles of
inclination.

(a) Will it reach the bottom with the same speed in each case?
(b) Will it take longer to roll down one plane than the other?
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19.

20.

21.

22.

23.

24,

25.

26.
217.

28.

Systems of Particles and Rotational Motion

(c) If so, which one and why?

A hoop of radius 2m weights 100 kg. It rolls along a horizontal floor so that its centre of mass has a
speed of 20 cm/s. How much work has to be done to stop it?

The oxygen molecule has a mass of 5.30 x 10" % kg and a moment of inertia of 1.94 x 10" *® kg m? about
an axis through its centre perpendicular to the line joining the two atoms. Suppose the mean speed of
such a molecule in a gas is 500 m/s and that its kinetic energy of rotation is two thirds of its kinetic
energy of translation. Find the average angular velocity of the molecule.

A solid cylinder rolls up an inclined plane of angle of inclination 30°. At the bottom of the inclined
plane the centre of mass of the cylinder has a speed of 5 m/s.

(a) How far will the cylinder go up the plane?  (b) How long will it take to rettrn to the bottom?

As shown in fig. the two sides of a step ladder BA and CA ¢

are 1.6 m long and hinged at A. A rope DE, 0.5 mis tied half F

way up. A weight 40 kg is suspended from a point F, 1.2m
from B along the ladder BA. Assuming the floor to be
frictionless and neglecting the weight of the ladder, find the
tension in the rope and forcers exerted by the floor on the
ladder. (Take g = 9.8 m/s?).

A man stands on a rotating platform, with his arms strétched horizontally holding a 5 kg weight in each
hand. The angular speed of the platform is 30 revolutions persminute. The man then brings his arms
close to his body with the distance of each weight from the axis changing from 90 cm to 20 cm. The

moment of inertia of the man together with the”platform may be taken'to be constant and equal to 7.6 kg

m2.

(a) What is his new angular speed? (Neglect friction)
(b) Is kinetic energy conserved in the process? If not, fromjwhere does the change come about?

A bullet of mass 10g and speed 500 m/s is firedyinto a door and gets embedded exactly at the centre of
the door. The door is 1.0 m wide and weighs 12°kgmsltis hinged at one end and rotates about a vertical
axis practically without frietion Find the angular speed of the door just after the bullet embeds into it.

[Hint . The moment of inertia of the door aboutithe vertical axis at one end is ML%/3).

Two discs of moments ofiinertia I :and 1,@bout their respective axes (normal to the disc and passing
through the centre), and rotating with angular speed , and ®, are brought into contact face to face with
their axes of rotation coineident.

(i) Whatds the angular speed of the two—disc system?

(if) Show, that the kinetic energy of the combined system is less than the sum of the initial kinetic
energies ofithe two discs. How do you account for this loss in energy? Take o, # o, .

B C

(&) Prove the theorem of perpendicular axes. (b) Prove the theorem of parallel axes.
Prove theyresult that the velocity v of translation of a rolling body(like a ring, disc, cylinder or sphere) at
2gh

the bottom of an inclined plane of a height h is given by v? = using dynamical consideration

k2
[HF\’ZJ

(i.e., by consideration of forces and torques). Note k is the radius of gyration of the body about its
symmetry axis, and R is the radius of the body. The body starts from rest at thg top of the plane.

A disc rotating about its axis with angular speed wq is placed
lightly (without any translational push) on a perfectly frictionless
table. The radius of the disc is R. What are the linear velocities of
the points A, B and C on the disc shown in fig. Will the disc roll
in the direction indicated?
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29.

30.

31.

32.

Systems of Particles and Rotational Motion

Explain why friction is necessary to make the disc in fig. given in
previous question roll in the direction indicated.

(i) Give the direction of frictional force at B, and the sense
of frictional torque, before perfect rolling begins.

(ii) What is the force of friction after perfect rolling begins?
A solid disc and a ring, both of radlus 10 cm are placed on a horizontal table S|multaneously, with initial
angular speed equal to 10 7 rad s*. Which of the two will start to roll earlier? The co—efficient of kinetic
frictionis p, =0.2.

A solid cylinder of mass 10 kg and radius 15 cm is rolling perfectly on a plane of inclination 30°. The
coefficient of static friction, ps = 0.25.

(i) Find the force of friction acting on the cylinder.
(if) What is the work done against friction during rolling?

(iii) If the inclination 6 of the plane is increased, at what value of 6 does‘the cylinder begin to skid, and
not roll perfectly?

Read each statement below carefully, and state, with reasens,iif it is true or false :

(a) During rolling, the force of friction acts in the same direction as the direction of motion of the CM of
the body.

(b) The instantaneous speed of the point of contaet,during rolling is zero.
(c) The instantaneous acceleration of the point of contact during rolling is zero.
(d) For perfect rolling motion, work done against frictionyis zero:

(e) A wheel moving down a perfectly frictionless inclined plane will undergo slipping (not rolling)
motion.

Answers

1.

© o wwn

13.
15.
18.

19.
22.

(i) Geometrical centre (1), Centre of its axis of symmetry

(iii) Centre of the ring (iv) Paint of‘intersection of the diagonals.
No it is not necessary. that centre of mass of a body lies inside the body.
1.235 A from H nucleus.

No change in the speed “of the centre of mass of the (trolley + child) system.

k (xp, —¥p,) 8. 72 cm

Front wheelh3675 N ; back wheel 5145 N

(a) LwR? (b) SMR? 11, solid sphere 12. 3125J) ; 625kgm’*s™
(i) 100 rpm (||) 2.5 14.  25rads ®;10ms 2

36 kW 16. R/6 from the centre of original disk 17. 66.0 g
(a) Yes

(b) Yes the sphere will take longer time to roll down one plane than the other.

(c) The sphere will take larger time in case of the plane with smaller inclination because the
acceleration a oc sin®.

4] 20. 6.75x10%rads* 2.  (@)38m (b)3.0s
Ng =245N ; N =147N ; T= 97N 23 (a)59rpm (b) 1.97
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Systems of Particles and Rotational Motion

10+ 1,0, .. 1, 2
1] W, —®
l,+1, (i 2(|l+|2)( 1)

28. V,=Rwo,, Vg=Ro, V =§a)0 : Not roll

24, 0.625rad s’ 25 () !

29. (i) Opposite to direction of velocity (i) zero
30. taisk = 0.53s; tiing =0.80'S 31 (i) 16.33 N (ii)0J (iii) 37°
32. (a) True (b) True (c) False (d) True (e) True

CBSE PMT Prelims Exam

Q.1  Three identical metal balls, each of the radius r are placed touching each other'on a horizontal surface
such that an equilateral triangle is formed when centres of three balls are joined. Theycentre of the mass
of the system is located at

(@) line joining centres of any two balls (b) centre of one of the halls

(c) horizontal surface (d) point of intersection of thexmedians
Q.2  The centre of mass of a system of particles does not depend on

(a) position of the particles (b) relative distance between the particles

(c) masses of the particles (@) forcesracting on the particles

Q.3 A solid sphere of radius R is placed on smoeth horizontal surface. A horizontal force F is applied at
height h from the lowest pint. For the maximum acceleration ef centre of mass, which is correct?

@h=R (b) h=2R
(c)h=0 (d) no relation between h and R

Q.4  Consider a system of two particles having ‘masses m; and m,. If the particle of mass m; is pushed
towards the mass centre of particles through a distaneed, by what distance would the particle of mass m,
move so as to keep the mass'centre of particles at the original position?

(@)

AL (b). L () d (d) M2 q
ml + mz m2 ml

Q.5 Arrod has length"3 m.and its'mass acting per unit length is directly proportional to distance x from one
of its end, then its centre of gravity from that end will be at
@15m (b2 m (c)25m (d)3.0m
Q.6 Adise’isrolling, the velocity 0f’its centre of mass is V¢, Which one will be correct?
(2) the velqcity of highest paint is 2v., and point of contact is zero.
(b) the velogity of highest point is v, and point of contact is Vep.
(C)the'welocity of highest point is 2v.y, and point of contact is V.
(d) the veloeity of highest point is 2v,, and point of contact is 2v¢pn.
Q.7 Identify the vector quantity among the following:

(a) distance (b) angular momentum (c) heat (d) energy
Q.8  Angular momentum is

(a) axial vector (b) polar vector (c) scalar (d) none of the above
Q.9  Acouple produces

(a) linear and rotational motion (b) no motion

(c) purely linear motion (d) purely rotational motion

Q.10 A wheel has angular acceleration of 3.0 rad/sec? and an initial angular speed of 2.00 rad/sec. In a time of
2 sec, it has rotated through an angle (in radian) of
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Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

Systems of Particles and Rotational Motion

(@) 10 (b) 12 (c) 4 (d) 6
Find the torque of a force F=-3i + j+5Kk acting at the point F=7i +3]+k
() —21i +4]+4k (b) —14i +34]-16K  (c) 14i —38] +16K (d) 47 +4]+6K

What is the torque of the force F=2i —3j+4Kk N acting at the point ¥ = 3i +2 j+3k m about origin?

(a) —6i +6]—12k (b) —171+6j+13k  (c) 61 —6]+12k (d) 17§ —6 ] —13k
O is the centre of an equilateral triangle ABC. F;, F, and F3 are three A
forces acting along the sides AB, BC and AC as shown in the figure.
What should be the magnitude of F3, so that the total torque about O is
zero?

(@) (F1+F) (b) 2(F1 + Fy)
(c) (FL+Fy)/2 (d) (F1—Fy) £

A particle of mass m = 5 is moving with a uniform speed v=32in the XOY plane along the line
y = X + 4. The magnitude of the angular momentum of the particle about the origin‘is

(a) 60 units (b) 402 units (c) zero (d) 7.5 units

A particle of mass m movies in the XY plane with @weloeity v along the
straight line AB. If the angular momentum ofdthe particle with respect to
origin O is L, when itis at A and Lg when it is at Bythen

Y

(@ La=Ls
(b) the relationship between L, and Lgdepends upon theslope of'the line AB
() La<Ls (d) La> Ly ° .

A circular disc is to be made by using iron‘and aluminium so that it acquired maximum moment of
inertia about geometrical axis41t is possible with

(@) aluminium at interior and‘iren surround to it (b) iron at interior and aluminium surround to it

(c) using iron and aluminium layers in alternate\order

(d) sheet of iron is usedat both external surfaces and aluminium sheet as internal layers.

In a rectangle ABCD (BC'= 2AB). Thesmoment of inertia is minimum 4 F D
along axis throuagh |
(@) BC (b) BD E-{-------- - -G
(c) HF (d) EG E

B I:I C
ABC is a'triangular plate of uniform thickness. The sides are in the ¢
ratio showniin the figure. Iag, lgc and Ica are the moments of inertia of ‘
the plane about AB, BC and CA respectively. Which one of the © 5 3
following relations is correct?
(a) lag + IBC = 'CA (b) ICA IS maximum a : B
(€) lag > lgc (d) Isc > las A
For the adjoining diagram, the correct relation b, 5’3
between 1y, I, and I3 is (I = moment of inertia)
a)li>1, () 2> 1y B ‘I’ c
©1:>1 (d)Iz>1, :
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Q.20

Q.21

Q.22

Q.23

Q.24

Q.25

Q.26

Q.27

Q.28

Q.29

Q.30

Systems of Particles and Rotational Motion

The moment of inertia of a uniform circular disc of radius R and mass M about an axis touching the disc
at the diameter and normal to the disc is

(@) = MR2 (b) MR? (c) = MR2 (d) = MR?‘

Moment of inertia of a uniform circular disc about a dlameter is |. Its moment of inertia about an axis
perpendicular to its plane and passing through a point on its rim will be

@51 (b) 31 (©) 61 (d)41
The moment of inertia of a disc of mass M and radius R about an axis, which is tangential to the
circumference of the disc and parallel to its diameter is

() |\/|R2 (b) = MR2 (c) = |\/|R2 (dy’= MRZ

Three particles, each of mass m gram, are S|tuated at the verticeés of an
equilateral triangle ABC of side | cm (as shown in figure). The/moment of
inertia of the system about a line AX perpendicular to AB and in the pane of
ABC, in gram—cm? units will be

(@) m|2 (b) 2ml? ©) > m|2 @) 2 m|2

A thln rod of length L and mass M is bent at its mldpomt intotwo halves so that the angle between them
is 90°. The moment of inertia of the bent roddabout an“axis passing through the bending point and
perpendicular to the plane defined by the two halvesyof the rod is

|\/|L2 |\/|L2 ML2 J2mL2

(a) (b) (c)

A ring of mass m and radlus r rotates about an, axis passing through its centre and perpendicular to its
plane with angular velocity o. Its Kinetic energy.is

(a) mr o’ (b) mre? (c) mr’w’ (d) mrm

A flywheel rotatingsabout fixed axis has a kinetic energy of 360 joule When its angular speed is 30
radian/sec. The moment of inertia of the wheel about the axis of rotation is

(a) 0.6 kgm® (b)'0.15 kgm? (c) 0.8 kgm® (d) 0.75 kgm?
Two bodies have theirmements of inertia 1 and 21 respectively about their axis of rotation. If their
kinetic.energies of rotation-are equal, their angular velocity will be in the ratio

(@)2:1 (b)1:2 () V2 :1 (d) 1:42

The ratio ofithe radii of gyration of a circular disc about a tangential axis in the plane of the disc and of a
circular.ring of the same radius about a tangential axis in the plane of the ring is

(@2:3 (b)2:1 (©) \5:4/6 (d) V2:43

The ratio of the radii of gyration of a circular disc to that of circular ring, each of same mass and same
radius about their axes is

(@) 3:\2 (b) 1:42 (©) V21 (d) V2:/3

A wheel having moment of inertia 2 kg m?® about its vertical axis, rotates at the rate of 60 rpm about this
axis. The torque which can stop the wheel’s rotation in one minute would be

21 T T i
a) —Nm b) —Nm c) —Nm d) —Nm
()15 ()12 ()15 ()18
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Q.31

Q.32

Q.33

Q.34

Q.35

Q.36

Q.37

Q.38

Q.39

Q.40

Q.41

Systems of Particles and Rotational Motion

The moment of inertia of a body about a given axis is 1.2 kg m?. Initially, the body is at rest. In order to
produce a rotational kinetic energy of 1500 joule, an angular acceleration of 25 radian/sec’ must be
applied about that axis for a duration of

(@) 4s (b) 2s (c)8s (d)10s
A disc is rotating with angular speed to . If a child sits on it, what is conserved
(@) linear momentum  (b) angular momentum (c) kinetic energy (d) potential energy

A round disc of moment of inertia I, about its axis perpendicular to its plane,and passing through its
centre is placed over another disc of moment of inertia I, rotating with an angular velocity o about the
same axis. The final angular velocity of the combination of discs is

(I, +1)e
(@) (b) © (c) (d) ——2=

L +1, L+, I

Lo lo

A thin circular ring of mass M and radius r is rotating about its axis with“a constant angular velocity o.
Two objects each of mass m are attached gently to the oppesite ends of a diameter.of the ring. The ring
will now rotate with an angular velocity

(@) ®(M +2m) oM @(M —2m) oM

M (®) M +2m © M +2m (@) M+m

A thin circular ring of mass M and radius r is rotating about its axis with a constant angular velocity o.
Four objects each of mass m, are kept gently to the opposite énds,0f two perpendicular diameters of the
ring. The angular velocity of the ring will be

(a) % (b) Mo ©) (M +4m)o (d) (M —-4m)w

M +4m M M +4m

A uniform rod AB of length'l,and mass m is free to rotate in a vertical plane
about point A. The rod is released from rest in the horizontal position. Given
that the moment of inertia of theyrod about A is ml%3, the initial angular
acceleration of the rod will be

3 39 29
(a) gl/2 (b) s © i (d) 2
If a sphere is rolling, the ratio of translational energy to total kinetic energy is given by
(@ 7:10 (b) 235 (c)10:7 (d)5:7
A solid spherical ball rolls on a table. Ratio of its rotational kinetic energy to total kinetic energy is
(@).1/2 (b) 1/6 (c) 7/10 (d) 2717

The speed,of @ homogenous solid sphere after rolling down an inclined plane of vertical height h from
rest without'sliding is

@ ?gh (b) Jah © ggh (@ %gh

For a hollow cylinder and a solid cylinder rolling without slipping on an inclined plane, then which of
these reaches earlier

(@) solid cylinder (d) can’t say anything. (c) both simultaneously (b) hollow cylinder

A solid sphere, disc and solid cylinder all of the same mass and made of the same material are allowed
to roll down (from rest) on the inclined plane, then
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Systems of Particles and Rotational Motion

(@) solid sphere reaches the bottom first (b) solid sphere reaches the bottom last
(c) disc will reach the bottom first (d) all reach the bottom at the same time

Q.42 A solid homogenous sphere of mass M and radius R is moving on a rough horizontal surface, partly
rolling and partly sliding. During this kind of motion of this sphere

(a) total kinetic energy is conserved

(b) the angular momentum of the sphere about the point of contact with the plane is conserved
(c) only the rotational kinetic energy about the centre of mass is conserved

(d) angular momentum about the centre of mass is conserved.

Q.43 A drum of radius R and mass M rolls down without slipping along an inclined plane of angle 0. The
frictional force

(a) dissipates energy as heat (b) decreases the rotational motion
(c) decreases the rotational and translational motion
(d) converts translational energy to rotational energy.

Q.44 A solid cylinder of mass M and radius R rolls without slipping down an inclinedyplane of length L and
height h. What is the speed of its centre of mass when the"cylinder reaches its bottom?

(&) J2gh (b) %gh © ggh (d) Jagn

Q.45 A ball rolls without slipping. The radius of gyration of the ball about'an axis passing through its centre
of mass is k. If radius of the ball be R, then the fraction of\total.energy associated with its rotational

energy will be

k?+R? k? k? R?
a b) — C)——— d) ——
() RZ () R2 ()k2+R2 () k2+R2

Q.46  If point P is the point of contact of a wheel on ground'which rolls on ground without slipping, then value
of displacement of point PAwhenwheel complétes half of rotation (if radius of wheel is 1 m) is

(a) 2m (b),\/7° +4m (©)mm (d) r?+2m

Q.47 Two bodies of masses 1 kg'and 3 kg havé'position vectors i +2j+k and —3i—2j+k respectively. The
center of mass of this system has a position vector

() —2i =2j+k (b)2i — j—2k (€) —i +j+k (d) —2i +2k

Q.48  Four thinirods of mass M and length | form a square frame. Moment of inertia perpendicular to its plane
is axis through the centre and perpendicular to the plane of square

2. 13 ., 1. .., 4

(®3MI ®)3MI (QgMI m)gw
1 d 2 d 3 d 4 b 5 b
6 a 7 b 8 a 9 d 10 a
11 c 12 d 13 a 14 a 15 a
16 a 17 d 18 d 19 b 20 d
21 c 22 a 23 c 24 b 25 a
26 c 27 c 28 c 29 b 30 c
31 b 32 b 33 c 34 b 35 b
36 c 37 d 38 d 39 a 40 a
41 a 42 b 43 d 44 c 45 c
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46 b 47 a 48 d

DPMT Entrance Exam

Q.1  Two bodies of mass 2kg and 4 kg are moving with velocities 2 m/s and 10 m/s respectively. What is
velocity of their center of mass?
(@) 5.3m/s (b) 7.3 m/s (c) 6.4 m/s (d) 8.1 m/s

Q.2  Two racing cars of masses m; and m, are moving in circles of radii r; and r, respectively. Their speeds
are such that each makes a complete circle in the same time t. The ratio of the angular speeds of the first
to the second car will be
@1l:1 (b)ry:r; (cymy:m; (d) mim; : i1,

Q.3  Two wheels having radii in the ratio 1 : 3 are connected by a common belt. If the smaller wheel is
accelerated from rest at a rate 1.5 rads * for 10 s, find the velocity of bigger Wheel.

(@) Srads (b) 15 rads™ (c) 45 rads™ (d) none ofithese

Q.4  Angular acceleration a of a body is given by the relation a. = 4 at®= 8bt®. If initial angular velocity of

the body is wy, then its velocity at time t will be

() oo + at* — bt® (b) o + 4at* — 4bt3 (€) o+ 12 at?—6bt  (d)@p— at* +bt?
Q5 If Fisforce and F is the radius vector, then torque is given by

(@) FxF (b) F.F ) |FIIF| (d) none of these
Q.6 Find the torque of a force E=-3i+ j+5k actindat the point r=7i +3j-+k.

(a) 14i —38] +16k (b) 47 +4]+6K (c) 2241 +389=16k" (d) —21i +3j+6k
Q.7  Which one is a vector quantity?

(a) energy (b) torque (c) both of these (d) none of these

Q.8 A caris moving at a speed of 72 km/h. The diameter of.ts wheels is 0.5 m. If the wheels are stopped in
20 rotations by applying brakes, then angular retardation produced by the brakes is

(a) — 25.5 rad/s’ (b) —33.5,rad/s’ (c) —29.5 rad/s® (d) —45.5 rad/s
Q.9  An automobile enginerdevelops 1000kW when rotating at a speed of 1800 rev/min. What torque does it
deliver?
(@) 350 Nm (b)/531 Nm (c) 440 Nm (d) 628 Nm
Q.10 Joule second is the unit of
(2) momentum (b) angular momentum (c) work (d) pressure

Q.11  Under a constant torque, the angular momentum of a body changes from A to 4A in 4 sec. The torque on
the body will be

3 1 4
@A 0) ;A © FA (d) 4 A

Q.12 A particle of 'mass m is moving with a constant velocity v parallel to x—
axis in an x-y plane as shown in figure. Calculate angular momentum with

respect to origin at any instant. Ay
(a) —mvbk (b) zero m_v
() mT"le (d) mvb cosOk t} ’
Q.13 Moment of inertia of a body depends upon >
(a) axis of rotation (b) earth’s gravitational constant
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Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

Q.20

Q.21

Q.22

Q.23

Systems of Particles and Rotational Motion

(c) relativistic effect of motion of earth around sun (d) none of these

Moment of inertia of a thin circular disc of mass M and radius R about any diameter is

MR? 5 MR?
(a) 1 (b) MR () >

Moment of inertia of ring about its diameter is I. The moment of inertia of the same ring about the axis
perpendicular to its plane and passing through centre is

@) 112 ()21 (©) /4 @4l

(d) 2 MR?

The ratio of radii of gyration of a circular disc and a circular ring of the same radii and same mass about
a tangential axis in the plane is

(@) 1:2 (b) B:\/6 () 2:3 @d?z:1

The radius of gyration of a disc of mass 100 g and radius 5 cm about an axis passingsthrough its center
of gravity and perpendicular to the plane is

(@) 1.52cm (b) 3.54 cm (c) 251 cm (d) 6.54 cm
A flywheel is attached to an engine to

(a) increase its speed (b) decrease its speed

(c) help in overcoming the dead point (d)'decrease.its energy

The angular momentum of a system of patrticles is not conserved

(a) when a net external force acts upon the system

(b) when a net external torque is acting upon the,system

(c) when a net external impulse is acting upon the system (d) none of these
A diver in a swimming poel bends his head before diving. It

(a) increases his linear velocity (b) decreases his angular velocity

(c) increases his mament of inertia (d) decreases his moment of inertia

A disc having mass M and radius R is'rotating with angular velocity o, another disc of means 2M and
radius R/2 is placed coaxially on first disc gently. The angular velocity of system will now be

4w 20 K10) 20
(@ & (0) 5 (© - (d) 3

A thin circular ring of mass"M and radius r is rotating about its axis with a constant angular velocity o.
If two objects of mass m are attached gently to opposite ends of a diameter of ring, ring will now rotate
with an,angular velocity given by
20M M —-2m oM oM

(a) 22V (o) (M=2m) (© M __ (@ M

(M —-2m) M (M +2m) (M —-2m)
A circular disc of mass M and radius R is rotating with an angular velocity o about an axis passing
through its centre and perpendicular to the plane of the disc. A small point like part of mass m detaches
from the rim of the disc and continues to move with same angular speed. The angular velocity of
remaining disc just after detaching will become

M —-2m M +2m M —-2m M +2m
(<’jl)(M+m](D (b)(M+me (C)(M—m](D (d)(M—me
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Q.24

Q.25

Q.26

Q.27

Q.28

Q.29

Q.30

Q.31

Q.32

Q.33

Systems of Particles and Rotational Motion

Moment of inertia of a body is 1 kg m? If the body makes 2 revolutions per second, when its angular
momentum is

@ 2mJs (b4 s () m/2Js (drJs

A constant torque of 31.4 N m is exerted on a pivoted wheel. If the angular acceleration of wheel is 4n
rad/s®, then the moment of inertia of the wheel is

(a) 2.5 kg m? (b) 4.5 kg m? (c) 3.5 kg m? (d) 5.5 kg m?

A particle performs uniform circular motion with an angular momentum L. If the frequency of particle
motion is doubled and its KE is halved, the angular momentum becomes

(@ 2L (b)4L (c) L/2 (d) /4
Angular momentum L of body with moment of inertia | and angular velocity o rad/sec is equal to
@) o (b) low? (©) lo (d) none of these

A circular disc of mass m and radius r is rolling forward on horizontal table with a velocity v. Its total
kinetic energy is

2 3 2 1 2 1 2
(@) mv (b) va (c) va (d) Emv

When a sphere of moment of inertia | about an axis through centre.of gravity and mass m rolls from rest
down an inclined plane without slipping, its kinetic energy:is

@ %Imz (b) %mvz (M- mv (d) %Imz +%mv2

The acceleration of a solid cylinder rolling,down an inclined plane of inclination 30° is

(a) 9/2 (b) g (c)9/3 (d) g/4
A cylinder is rolling down an inclined plane ofiinelination'60°. What is its acceleration?

(@) g/\3 ORNA () \E g (d) none of these

Two identical co-centric rings each of mass'm and radius R are placed perpendicularly. What is the
moment of inertia@bout axis of one of thesings?

(@) %MRZ ) MR? ©) %MRZ (d) 2MR?

A unifarm rod of Length L andsmass 1.8 kg is made to rest on two measuring scales at its two ends. A
uniform block of mass 2.7 kg is placed on the rod at a distance of L/ 4 from the left end. The force
experienced by the measuring scale on the right end is

()16 N (b) 27 N (©) 29 N (d) 45 N

Assertion and Reasons

Directions: In the following questions, a statement of assertion is followed by a statement of reason. Mark the
correct choice as

(@)
(b)
(©)
(d)
Q.34

If both assertion and reason are true and reason is the correct explanation of the assertion.
If both assertion and reason are true but reason is not correct explanation of the assertion.
If assertion is true, but reason is false.

If both assertion and reason are false.

Assertion: There are very small sporadic changes in the speed of rotation of the earth.

Reason: Shifting of large air masses in the earth’s atmosphere produces a change in the moment of
inertia of the earth causing its speed of rotation to change.
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Systems of Particles and Rotational Motion

Q.35 Assertion: If the ice on the polar caps of the earth melts, then length of day will increase.

Reason: Moment of inertia of earth increases, as ice on polar caps melts

Answers

1 b 2 a 3 a 4 a 5 a

6 a 7 b 8 a 9 b 10 b

11 a 12 a 13 a 14 a 15 b

16 b 17 b 18 c 19 b 20 d

21 d 22 C 23 c 24 b 25 a

26 d 27 c 28 b 29 d 30 c

31 a 32 c 33 a 34 a 35 a

IIT Entrance Exam.

Only one correct Answers :

1. Look at a drawing given in the figure which has been drawn,with ink of uniform ’
line—thickness. The mass of ink used to draw each of ghe twosinner circles, and i
each of the two lines segments is m. The mass of the(ink used to draw the outer
circle is 6m. The coordinates of the centres of the differentyparts are: outer circle oy
(0, 0), left inner circle (—a, a) right inner citeley(a, a) vertical line (0, 0) and
horizontal line (0, — a). The y—coordinate of the centre of mass of the'ink in this
drawing is

a a a a

a) — b) — c) — d) —
(a) . (b) 8 (c) 0 (d) i

2. Two particles A and B, initially at rest, move towards.each other under mutual force of attraction. At the
instant when the speed of Ads v.and the speed of B is 2v, the speed of the centre of mass of the system is
@3v (b) v (c)15v (d) zero

3. Two blocks of masses 10 kg and“4 kg are gonnected by a spring of negligible mass and placed on a
frictionless horizental surface. An impulse gives a velocity of 14 m/s to the heavier block in the
direction of the‘lighter,block. The velocity of the centre of mass is
(@) 30 m/s (b) 20 m/s (c) 10 m/s (d) 5m/s

4. An isolated particle of massim is moving in horizontal plane (x-y) along the x—axis at a certain height
above the\ground. It suddenly explodes into two fragments of masses m/4 and 3m/4. An instant later, the
smaller fragment is at y = +415 cm. The larger fragment at this instant is at
(8 y=-5cm (b)y=+20cm (c)y=+5cm (d)y=-20cm

5. A smaooth,sphere A is moving on a frictionless horizontal plane with angular speed ® and centre of mass
velocity u.“It collides elastically and head on with an identical sphere B at rest. Neglect friction
everywhere. After the collision, their angular speeds are ®, and wg respectively. Then
(8) @, < g (b) ©, =g (©) wp=0 (d) 05 =

6. A mass m is moving with a constant velocity along a line parallel to the x—axis, away from the origin. Its
angular momentum with respect to the origin.
(@) is zero (b) remains constant  (c) goes on increasing (d) goes on decreasing

7. A particle of mass m is projected with a velocity v making an angle of 45° with the horizontal. The

magnitude of the angular momentum of the projectile about the point of projection, when the particle is
at its maximum height h is
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10.

11.

12.

13.

14.

15.

Systems of Particles and Rotational Motion

3 mv3

mv [5>ahe
(a) zero (b) m (c) \Eg (d) my/2gh

A particle undergoes uniform circular motion. About which point on the plane of the circle, will the
angular momentum of the particle remain conserved?

(a) Centre of the circle (b) on the circumference of the circle
(c) inside the circle (d) outside the circle

A particle is confined to rotate in a circular path with decreasing linear speed. Then which of the
following is correct?

5

(@) L (angular momentum) is conserved about the centre
-

(b) only direction of angular momentum L is conserved.

(c) it spirals towards the centre (d) its acceleration is towards the centre

A cubical block of side L rests on a rough horizontal surface with F
coefficient of friction p. A horizontal force F is applied_on the block as T
|

shown. If the coefficient of friction is sufficiently high so that the block
does not slide before toppling, the minimum force required to topple the
block is

(a) infinitesimal (b) % ©) m—29 (d) mg(l—p) e
A disc is rolling without slipping withi angular velocityhw. P and Q are two

points equidistant from the centre C. The order of magnitude of velocity is

(@) Vo > Ve > Vp (b) Vp > Ve >V, (C) Vp =Nc, Vo =Vc /2 (d) Vp <Vc >V,
A thin wire of length L and‘uniform linear mass density p is bent into a X X'
circular loop with centre ‘at O as, shown. The, moment of inertia of the !
loop about the axis XX¢sis 0
pl® pL® 5p® 3pL®
a) — b ¢ d
@ 8’ ®©) 16 7* © 167’ @

8n’
One quarter sector is cut from a uniform circular disc of radius R. This sector &
has mass M. It is made to rotate about a line perpendicular to its plane and '
passing through the centre of the original disc. Its moment of inertia about the

axis of rotation is

1 2 1 2 1 2 2
() > MR (b) 7 MR () 5 MR (d) V2 MR

From a circulardisc of radius R and mass 9M, a small disc of radius R/3 is ‘Q‘ -

removed from the disc. The moment of inertia of the remaining disc about

an axis perpendicular to the plane of the disc and passing through O is V‘v

(a) 4MR? (b) % MR? (c) 10 MR? (d) % MR?
A solid sphere of mass M and radius R having moment of inertia | about its diameter is recast into a
solid disc of radius r and thickness t. The moment of inertia of the disc about an axis passing the edge
and perpendicular to the plane remains I. Then R and r are related as
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16.

17.

18.

19.

20.

21.

22.

Systems of Particles and Rotational Motion

2 2 2 NP
(a)rz\/%R (b)rzﬁR (c)r:ER (d)r:ER

Two points masses of 0.3 kg and 0.7 kg are fixed at the ends of a rod of length 1.4 m and of negligible
mass. The rod is set rotating about an axis perpendicular to its length with a uniform angular speed. The
point on the rod through which the axis should pass in order that the work required for rotation of the
rod is minimum, is located at a distance of

(@) 0.42 m from mass of 0.3 kg (b) 0.70 m from mass of 0.7 kg
(c) 0.98 m from mass of 0.3 kg (d) 0.98 m from mass of 0.7 kg
A disc of mass M and radius R is rolling with angular speed » on a Y g
horizontal plane as shown in figure. The magnitude of angular .\ |
momentum of the disc about the origin O is [r
o »X

@ 6) MR? o (b) MR’ & © @JMR% d) 2MR? @

b—a—f

A cubical black of side a is moving with velocity v on a horizontal
smooth plane as shown in figure. It hits a ridge at point O. The M —>
angular speed of the block after it hits O is

3v 3v 3v
(@ 1a (b) %a (© E (d) zero

Consider a body, shown in figure, consisting of twayidentical balls, L

each of mass M connected by a light rigid rod. Mfyan impulse« M ® - —e M

J = Mv is imparted to the body at one of.its ends, whatiwould be ] J=Mo
its angular velocity?

@ v/L (b) 2v/L (c) v/3L (d) v/4L

A cylinder rolls up an inclined plane, reaches some”height, and then rolls down (without slipping
throughout these motions),/Fhedirections of the frictional force acting on the cylinder are
(a) up the incline, while ascending:and down the incline, while descending.

(b) up the incline, while ascending as sell as.descending

(c) down the inclinepwhile ascending and up the incline, while descending

(d) down the incline, while’ascending as well as descending w
An equilateral triangle ABE, formed from uniform wire has two small identical
beads.nitially located at A. The triangle is set rotating about the vertical a_xis \ Ig
AO. Then the beads are released from rest simultaneously and allowed to slide

down, onetalong AB and the other along AC as shown. Neglecting frictional

effects , the ‘quantities that are conserved as the beads slide down are B c
(a) Angular,velocity and total energy (kinetic and potential)

(b) total angularmomentum and total energy

(c) angular velocity and moment of inertia about the axis of rotation.

(d) total angular momentum and moment of inertia about the axis of rotation.

A horizontal circular plate is rotating about a vertical axis passing through its centre with an angular
velocity mg. A man sitting at the centre having two blocks in his hands stretches out his hands so that the
moment of inertia of the system doubles. If the kinetic energy of the system is K initially, its final kinetic
energy will be

@) 2K (b) K /2 ) K (d) K /4
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23.

24,

25.

26.

Systems of Particles and Rotational Motion

A child is standing with folded hands at the centre of a platform rotating about its central axis. The
kinetic energy of the system is K. The child now stretches his arms so that the moment of inertia of the
system doubles. The kinetic energy of the system now is

(@ 2K (b) K/2 (c)K/4 (d)4K
A small object of uniform density rolls up a curved surface with an initial

2
velocity v. It reaches up to a maximum height of iL with respect to the initial
g

position. The object is -
(@) ring (b) solid sphere (c) hollow sphere (d) disc
A circular platform is free to rotate in horizontal plane about a vertical axis passing through its centre. A
tortoise is sitting at the edge of the platform. Now, the platform is given an angular velocity w,. When
the tortoise moves along a chord of the platform with a constant velocity (with respect to the platform),
the angular velocity of the platform (t) will vary with time t as

w(t) a(t) w(t) o(t)
@ ol O %b © E ~ (d) %k z
t t t t

A piece of wire is bent in the shape of a parabola y =kx* (y-axissvertical) with a bead of mass m on it.
The bead can slide on the wire without friction. It stays at the"lowest point of the parabola when the wire
is at rest. The wire is now accelerated parallel to the x—axis with a constant acceleration a. The distance
of the new equilibrium position of the bead, where the,bead can,stay at rest w.r.t. the wire, from the y—
axis is

a a 2a a
(@ g_k (b) E () & (d) E

Multiple choice questions with one or more than one correct answer

27.

28.

29.

A ball hits the floor and reboundsiafter an inelastic collision. In this case

(@) The momentum ofithe'ball justafter the collision is the same as that just before the collision

(b) The mechanical energy of the ball'remains the same in the collision

(c) The total mementum of the ball andthe earth is conserved

(d) The total energy of the ball and the earth is conserved.

A shell ig'fired from a cannon with a velocity v(m/sec) at an angle 6 with the horizontal direction. At the
highest peint in its path it explodes into two pieces of equal mass. One of the pieces retraces its path to
the cannoniand the speed (in"m/sec) of the other piece immediately after the explosion is

(@)"8v..cos 6 (b) 2v cos 6 (c) %vcose (d) \E VoSO
A uniformbar of length 6a and mass 8m lies on a smooth horizontal 2m
table. Two point masses m and 2m moving in the same horizontal plane vl —— 3a —
with speed 2v and v respectively, strike the bar [as shown in figure] and [ . f oo I
stick to the bar after collision. Denoting angular velocity (about the 150 oo D ]
centre of mass), total energy and centre of mass velocity by o, E and v, 12v
respectively, we have after collision "

3v v 3mv?
(@) Ve (b) o= © 0= (d) :
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30.

31.

32.

33.

34.

35.

36.

Systems of Particles and Rotational Motion

Two blocks A and B, each of mass m, are connected by a massless
spring of natural length L and spring constant k. The blocks are

initially resting on a smooth horizontal floor with the spring at its |_I l—l_/.o.olb.o.\_m
natural length, as shown in the figure. A third identical block C, also  _] ol [ Y _ B
of mass m, moves on the floor with a speed v along the line joining A ) -

and B, and collides elastically with A. Then

(2) the Kkinetic energy of the A-B system, at maximum compression of the spring, is zero.

(b) The kinetic energy of the A-B system, at maximum compression of the spring is mv%/4.

(c) The maximum compression of the spring is vJ(m/k) .

(d) the maximum compression of the spring is vﬂf(mIZk) .

A tube of length L is filled completely with an incompressible liquid of mass M and closed at both the
ends. The tube is then rotated in a horizontal plane about one of its ends with a uniform angular velocity
o. The force exerted by the liquid at the other end is

2 2 212
(@) M oL (b) Mo’ L ©) M oL () Mo L
2 4 2 4 1
The moment of inertia of a thin square plate ABCD, asghown in the figure, of 4 4
uniform thickness about an axis passing through the centre O and o) 3
perpendicular to the plane of plate is
@ 1, +1, (o) I;+1, (c) 1,15 d) L+, +15+1, D Cz

where 1, 1,, I, and I, are respectively the moments of,inertiatabout axis 1, 2, 3 and 4 which are in the
plane of the plate.

Let I be the moment of inertia of a uniform:square plate about an axis AB that passes through its centre
and is parallel to two of its sides. CD is a line‘imthe plane of the plate that passes through the centre of
the plate and makes an angle® with AB. The moment of inertia of plate about the axis CD then equal to

(@)l (b) 1sin?0 (c) 1cos®0 (d) 1cos?0/2

A solid cylinder is rolling down a rough in€lined plane of inclination 6. Then

(a) the friction force'isidissipative. (b) the friction force is necessarily changing
(c) the friction force will @id rotation but hinder translation

(d) thefriction force is reducedyif 0 is reduced

If the resultant of all the external forces acting on a system of particles is zero, then from an inertial
frame , one can surely say that

(@) kinear mamentum of the system does not change in time

(b) kinetic.energy of the system does not change in time A
(c) angular momentum of the system does not change in time
(d) potential energy of the system does not change in time.

A sphere is rolling without slipping on a fixed horizontal plane surface. In the 4
figure, A is the point of contact, B is the centre of the sphere and C is its
topmost point. Then

(@ Vc -Va=2(Ve -Vc) (b) Vc = Ve =V —Va

— - — — — — -
(©) Vc—=Va|=2Ve — V| (d) [Vc=Val|=4|Vs]|
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Systems of Particles and Rotational Motion

Reasoning types questions :

This question contains A(assertion) and R (reason).

(d) A and R are true and R is a correct explanation for A.

(b) A and R are true and R is not a correct explanation for A.

(c) Alistrue, R is false (d) Ais false, R is true

37. A : If there is no external torque on a body about its centre of mass, then the velocity of the centre of mass
remains constant.

R : The linear momentum of an isolated system remains constant.
38. A: Two cylinders, one hollow (metal) and the other solid (wood) with the same mass and identical
dimensions are simultaneously allowed to roll without slipping down an in€lined plane from the same
height. The hollow cylinder will reach the bottom of the inclined plane first.

R : By the principle of conservation of energy, the total kinetic energies«f both the cylinders are identical
when they reach the bottom of the incline.

Comprehension based questions

Passage 1 : Two discs A and B are mounted coaxially on a vertical axle. The discs have mements of inertia | and
21 respectively about the common axis. Disc A isdgmparted an initial angular velocity 2w using the
entire potential energy of a spring compressed by a distance x;. Disc B is imparted an angular velocity o
by a spring having the same spring constant and cempressediby a distance x,. Both the discs rotate in the
clockwise direction.

Read the passage given above and answer the following questions :

39. The ratio X is

Xa
(3) 2 0 = (©):2 @ =
2 N7
40. When disc B is brought in contaet with disc A, they acquire a common angular velocity in time t. The
average frictional torqueson, the disciby the other during this period is
2l 91w 91w 3l
a) —— b) —— c) — dy —
()3t ()Zt © 41 ()2t
41. The loss of kinetic energyrduring the above process is
| @? | o | ° | o’
Q) — b) — c) — dy —
(a) 5 (b) 3 (c) 2 (d) 5

Passage' — 2 : A uniform thin cylindrical disk of mass M and radius R is
attached to twe, identical massless springs of spring constant k which are fixed
to the wall as showmiin the fig. The springs are attached to the axle of the disk
symmetrically on either'side at a distance d from its centre. The axle is massless
and both the springs and the axle are in a horizontal plane. The unscratched
length of each spring is L. The disk is initially at its equilibrium position with
its centre of mass (CM) at a distance L from the wall. The disk rolls without

—> o~
slipping with velocity Vo =V, 1 . The coefficient of friction is p.

42. The net external force acting on the disk when its centre of mass is at displacement x with respect to its
equilibrium position is
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(8) —kx (b) —2kx (w—%? (@—Q?

The centre of mass of the disk undergoes simple harmonic motion with angular frequency w equal to
k 2k 2k 4k

a) ,|— b) \|— C) |—— d) J—

(WM ()1/,\/I (c) M (d) M

The maximum value of V, for which the disk will roll without slipping is

M M fsM f5|v|
(@) HQE (b) MQE (c) ng o (d) Mg K

Answers

1. A 2. D 3 C 4. A 5. C
6. B 7. B 8. A 9. B 10. C
11. B 12 D 13 A 14 A 15 B
16. C 17. C 18. A 19. A 20. B
21 B 22 B 23 B 24 D 25 B
26. B 27 C,D 28 A 29 ACD 30 B.D
31. A 32 ABC 38 A 34 CD 35 A
36. B,C 37. D 38 D 39 C 40 A
41. B 42 D 43 D 44, A

Only one correct Answers :

1.

A body A of mass‘My while falling vertically downwards under gravity breaks into two parts; a body B
of mass %M and body € of mass %M . The centre of mass of bodies B and C taken together shifts

compared to that of body A‘towards
(a) body C (b) body B (c) depends on height of breaking (d) does not shift

Two identical particles move towards each other with velocities 2v and v respectively. The velocity of
centreyef mass is

@v (b) v/3 (c)vi2 (d) zero
Consider a two particle system with particles having masses m, and m,. If the first particle is pushed

towards the centre of mass through a distance d, by what distance should the second particle be moved,
so as to keep the centre of mass at the same position?

LI (d) %d

(a) d (b) 22 d ©
m m+m, 2

A circular disc of radius R is removed from a bigger circular disc of radius 2R, such that the
circumferences of the disc coincide. The centre of mass of the new disc is aR from the centre of the
bigger disc. The value of a is
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10.

11.

12.

13.

Systems of Particles and Rotational Motion

(@ 1/3 (b) 1/2 (c) 1/6 (d) 1/4
A force of — Fk acts on O, the origin of the coordinate system. The '
torque about the point (1, -1) is

(@) F(iA + j) (b) _F(iA_ j) P(],—l)/

() F(i-]) (d -F @ +])
A thin rod of length L is lying along the x—axis with its ends at x = 0 and x = L. Its linear density
(mass/length) varies with x as k(x/L)", where n can be zero or any positive number. If the position

Xem Of the centre of mass of the rod is plotted against n, which of the following graphs best
approximates the dependence of x.,, onn?

Xem

Tem

O n o n

N
Let F be the force acting on a particle having position.vector r.and. T be the torque of this force about
the origin. Then

-~
. T

@T.F=0and F.T#0 (b) %o T 0nand B T =0

(c)r.T7#0and F.T #0 (dr.T20and F.T =0

Angular momentum of the particle rotating with a central#orce is constant due to
(a) constant force (b) eonstant linear momentum~ (c) constant torque (d) zero torque

A particle performing uniform eircular motion has angular momentum L. If its angular frequency is
doubled and kinetic energy.is halved, then the angular momentum becomes

L L
@ (b)2L (c) 4L @

A T-shaped object with dimensions shown in the figure is lying on a smooth .

has only the translational motion without rotation. Find the location of P with

—

D

N P
floor. Alforce F is applied at,the point P parallel to AB, such that the object 2
respectto C l

=2l 3 41
@5 ) > © @1

A particle of mass m moves along line PC with velocity v as shown.
What is the angular momentum of the particle about P ?

(a) mvL (b) mvl (c) mvr (d) zero

Four point masses, each of the value m, are placed at the corners of a square ABCD of side I. The
moment of inertia of this system about an axis passing through A and parallel to BD is

(@) 3ml? (b) ml? () 2 ml? (d) /3 ml? DI

™
- -

For the given uniform square lamina ABCD, whose centre is O.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Systems of Particles and Rotational Motion

@ IAC:\/EIEF (b)\/EIACZIEF

() lpp =3lge (d) Tac = lge
Moment of inertia of a circular wire of mass M and radius R about is its diameter is

(@) % MR? (b) %MRZ ©) 2 MR? (d) MR?

A circular disc X of radius R is made from an iron plate of thickness t and another disc Y of radius 4R is
made from an iron plate of thickness t/4. Then the relation between the moment of inertia I, and I, is

@1, =1, () 1, =161, © 1, =321, d) 1= 641,

Consider a uniform square plate of side a and mass m. The moment of inertia of this plate about an axis
perpendicular to its plane and passing through one of its corners is

2 2 5 2 1 2 7 2
a) —ma b) =ma c) — ma d) — ma
()3 ()6 ()12 ()12

The moment of inertia of a uniform semi—circular disc of mass M and radius/R about a line
perpendicular to the plane of the disc through the centre is

1 2 2 2 2 1 2
@ 2 Mr (b) c Mr (c) Mr (d) > Mr

One solid sphere A and another hollow sphere Bfare of'same mass and same outer radii. Their moments
of inertia about their diameters are respectively I'yand I, such that

@ I,=1g b 1,>1; ©) 1, &g (d):_A:p_A
B Ps

Here p, and pg represent their densities.

A solid sphere is rotating in(free space. If theradius of the sphere is increased keeping mass same,
which one of the following will not be affected?

(@) Moment of inertia__(b) Angular momentum (c) Angular velocity (d) Rotational kinetic energy
Initial angular velocity of a circulardisc.0f mass M is o,. Then, two small spheres of mass m are

attached gently“ta two diametrically opposite points on the edge of the disc. What is the final angular
velocity of the disc?

M +m M M M
b d
® F @ O © Vsam @ @ v am

A thin cireular ring of mass'm and radius R is rotating about its axis with a constant angular velocity o.
Two objects each of mass M are attached gently to the opposite ends of a diameter of the ring. The ring
nowsrotates with an angular velocity o, which is equal to
m-2M)»
(b) ( (@ P=2Mo

(a)
m+M m+2M m (m+2M)
A solid sphere, a hollow sphere and a ring are released from top of an inclined plane (frictionless) so
that they slide down the plane. Then, maximum acceleration down the plane is for (no rolling).
(a) Solid sphere (b) hollow sphere (c) ring (d) all same

A uniform round body of radius R, mass M and moment of inertia I rolls down (without slipping) an
inclined plane making an angle 6 with the horizontal. Then the acceleration is

Wy

mo mo 0 (m+2M)o
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Systems of Particles and Rotational Motion

sin@ sin@ sin© sin6
(a) (b) =2 (© % (@ 222
2+, 1+ MR 1-— 1- MR
MR? MR?
24, A thin uniform rod of length I and mass m is swinging freely about a horizontal axis passing through its
end. Its maximum angular speed is . Its centre of mass rises to a maximum height of
1 1?w? 1llw 1 1% 1 12e?
a) = b) = — c) = d) =
(a) 3 (b) 69 (c) 5 (d) 5
Answers
1. D 2. C 3. D 4. A 5. A
6. B 7. D 8. D 9. A 10 C
11. D 12 A 13 D 14 B 15 D
16. A 17. D 18 C 19 B 20. C
21. B 22. D 23. A 24, D
Q1 Two spheres of masses M and 2M are initially at rest at_a-distance R apart. Due to mutual force of
attraction, they approach each other. When theyare at separation R/2, the acceleration of their centre of
mass would be
(a0 (b)g (c) 39 (d)12g
Q.2 A ladder is leaned against a smooth walhand it is allowed to slip on a frictionless floor. Which figure
represents trace of its centre of mass?
(a) (b) (© (d)
‘ 5 c ‘
«—t ) «— t —t ; «f
Q.3 If a street light of mass M\ is suspended,from the end of a uniform rod of length L in different possible
patterns as showninfigure, then Cable
(a) pattern A is more sturdy
(b) pattern B is more sturdy 5
(c) pattern,C is more sturdy
(@) all will'have same sturdiness &
Q.4 A Assolid sphete is rolling on a frictionless surface with a translational velocity v (in ms™) as shown in the
figure. Ifit,is to climb the inclined surface, then v should be
a) \[10gh/7 b) > 10gh/7 i T
(a) \i0g (b) > (/10g O—» T
(©) JZ gh (d) > afZ gh
Q5 In an orbital motion, the angular momentum vectors is
(a) along the radius vector (b) parallel to the linear momentum
(c) in the orbital plane (d) perpendicular to the orbital plane
Q.6 The direction of angular velocity vector is along
(2) the tangent to the circular path (b) the inward radius
(c) the outward radius (d) the axis of rotation
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Q.7

Q.8

Q.9

Q.10

Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

Q.17

Systems of Particles and Rotational Motion

The motion of planets in the solar system is an example of the conservation of

(a) mass (b) linear momentum  (c) angular momentum (d) energy
The angular momentum of a moving body remains constant, if

(2) net external force is applied (b) net pressure is applied

(c) net external torque is applied (d) net external torque is not applied

If there is change of angular momentum from J to 4 J in 4s, then the torque is

(@) (3/4)J (b)1J (c) (5/4) 3 (d) (4/3)J

A body is projected from the ground with some angle to the horizontal. What happens to the angular
momentum about the initial position in this motion?

(a) decreases (b) increases  (c) remains same  (d) first increases and, then decreases
Radius of gyration of a body depends upon
(2) axis of rotation (b) translational motion (c) shape of the bady~ (d) area of the'body

A rod of length 1.4m and negligible mass has two masses of 0.3 kg and 0.7 kg tied to its two ends. Find
the location of the point on this rod, where the rotational energy is minimumpwhen‘the rod is rotated
about the point.

(@) 0.98 mfrom 0.3 kg (b) 0.98 mfrom 0.7 kg (c) 07 mfrom0.3kg (d) 0.7 mfrom 0.7 kg

The moment of inertia of a rod about an axis throughvitsséentre and. perpendicular to it is 1/12 ML?
(where M is the mass and L, the length of the yod). The rod is bent injthe middle, so that the two halves
make an angle of 60°. The moment of inertia of the bent rod about the/same axis would be

1.2 1 2 102 12
a) — ML b) —ML c) — ML d) —ML
()12 ()8\@ ()24 ()48
If the earth is treated as a sphere of radius R‘and mass M having period of rotation T, then its angular
momentum about its axis of retation is

2 2 2 2
4nMR (b) 2nMR ©) MR“T (d) MR“T
5T ST 2n 4m

(@)

A horizontal platform is rotating with wniform angular velocity o around the vertical axis passing
through its centre. Atisome instant of fime, a viscous liquid of mass m is dropped at the centre and is
allowed to spread out and-finally fall. The angular velocity during this period.

(a) decreases continuously (b) decreases initially and increases again
(c) remains unaltered (d) increases continuously

If a solid sphere of mass 1 kg and radius 0.1 m rolls without slipping at a uniform velocity of 1 m/s
along a straight line on a horizontal floor, the kinetic energy is

7 2 7
a) —J b) =J c) —1J d)1J A ——
(a) c (b) c (© 10 (d)
In the diagram shown all three rods are of equal length and equal mass M. The B
system is rotated such that the rod B is the axis. What is the moment of inertia
of the system? C N—
ML? 4 ML? 2.
Q) — b) —ML c) — d) =ML
(@) =% ®) 5 © = @3

Assertions and Reasons
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Systems of Particles and Rotational Motion

Directions: In the following questions, a statement of assertion is followed by a statement of reason. Mark the
correct choice as

(a)
(b)
(©)
(d)
Q.18

If both assertion and reason are true and reason is the correct explanation of the assertion.

If both assertion and reason are true but reason is not correct explanation of the assertion

If assertion is true, but reason is false

If both assertion and reason are false

A:

I > X >

I » U > X1 P

A judo fighter in order to throw his opponent on to the mat tries to initially bend his opponent and
then rotate him around his hip.

As the mass of the opponent is brought closer to the fighter’s hip, the foree required to throw the
opponent is reduced.

For a system of particles under central force field, the total angulanmomentum is ‘conserved.
The torque acting on such a system is zero
There are very small sporadic changes in the period.efirotation of the earth.

Shifting on large air masses in the earth’s atmogphere produces a change in the moment of inertia
of the earth causing its period of rotation to e¢hange:

The earth is slowing down and as a result theymoon is coming nearer to it.
The angular momentum of earth man system is not conserved.

If polar ice melts, days will be longer:

Moment of inertia decreases and thus angular velocity increases.

If ice caps of the pole melt, the day length will'shorten.

Ice flows towards the equater and decreases the moment of inertia of the earth and hence increases
the frequency efrotation of theiearth.

Answers

2 A 3 A 4 B 5 D
7 A 8 D 9 A 10 B
12 A 13 A 14 A 15 B
17 A 18 D 19 A 20 A
22 A 23 D

Reasoning types questions :

The following questions consists of two statements A(assertion) and other R (reason). Answer these questions
selecting an appropriate code given below :

(a) A and R are true and R is a correct explanation for A.

(b) A and R are true and R is not a correct explanation for A.
(c) Alistrue, R is false (d) Ais false, R is true
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11.

12.

13.
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>

> 0 » X

A:

R:

 >» 0 » X1V >» XU >

Systems of Particles and Rotational Motion
Torque is a vector quantity and its direction is along the applied force.
T=FxF
Direction of torque is perpendicular to the plane containing ¥ and F .
o
dt
Moment of inertia of a body is same whatever be the axis of rotation.

=T.

Moment of inertia depends on the distribution of mass of the body.
Kinetic energy of rotation becomes half of its original value if the moment of inertia is doubled.

K.E.zllmz.
2

A planet moves slower, when it is farthest from the sun in its orbit and vice-versa.

Orbital velocity in an orbit of planet is constant.

If polar ice melts, days will be shortened.

Moment of inertia decreases and then angular velacity increases.

A planet moves faster, when it is cl@ser to the sun in‘its orbit.

Moment of inertia decreases and henceangular velocity increases.

Angular velocity of a body’decreases if the momentum of inertia of the body increases.
lo = constant.

Moment of inertiasofitwo identical spheres, one solid and other hollow, are unequal.

Moment of inértia of a'body dependsytipon the distribution of the mass of the body about the axis of
rotation.

Two discs of same mass and thickness but made of materials having different densities have unequal
moment of inertia.

Moment of inertia is inversely proportional to the density of the material.
For a system of particles under central force field, the total angular momentum is conserved.
Thetorgue acting on such a system is zero.

A judo fighter in order to throw his opponent onto the mat tries to initially bend his opponent and
then rotate him around his hip.

As the mass of the opponent is brought closer to the fighter’s hip, the force required to throw the
opponent is reduced.

The velocity of a body at the bottom of an inclined plane of a given height is more when it slides
down the plane, compared to, when it is rolling down the same plane.

In rolling down, a body acquires both kinetic energy of rotation and translation.
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Answers

1. D 2 A 3 D 4 Cc & C 6. A T A 8 A
9. A 100 A 1. A 122 A 13. B

Matrix Mach type Questions

1. Match the items of column I with that of in column Il and then correctly bubblée the matrix given below :
Column | Column 11
@) Centre of mass (9] Directly proportionalto the time peried about the
given axis
(b) Torque () Axis Vector
(c) Moment of inertia of abody  (r) does not change if no external foreceracts on the
system.
(d) Radius of gyration (s) dimensions of dength. ~
F
2. A uniform cube of mass m and side a is placed.ona frictionless horizontal
surface. A vertical force F is applied to its edge as shown infig. Match the
conditions given in column | with the situations given in‘columnil. /s
Column | Column 11
@) my g .M (i)  cubeWill move up
(b) F>mg/2 (i) cube will not exhibit motion.
(c) F >mg (iii)  cube will begin to rotate and slip at A
(d) E=mg/4 (iv) Normal reaction effectively at a/3 from A, no
motion
Answers
1L (@->1(M ; (b) — (a) ; (c) —> (p) ; (d) - (s)
2. (@) — (i) : (b) — (iii) ; (c)—> () ; (d) — (iv)
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